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(OP)LAX NATURAL TRANSFORMATIONS, TWISTED QUANTUM FIELD
THEORIES, AND “EVEN HIGHER” MORITA CATEGORIES
THEO JOHNSON-FREYD AND CLAUDIA SCHEIMBAUER
Abstract. Motivated by the challenge of defining twisted quantum field theories in the context
of higher categories, we develop a general framework for lax and oplax transformations and their
higher analogs between strong p8, nq-functors. We construct a double p8, nq-category built out of
the target p8, nq-category governing the desired diagrammatics. We define (op)lax transformations
as functors into parts thereof, and an (op)lax twisted field theory to be a symmetric monoidal
(op)lax natural transformation between field theories. We verify that lax trivially-twisted relative
field theories are the same as absolute field theories. As a second application, we extend the higher
Morita category of Ed-algebras in a symmetric monoidal p8, nq-category C to an p8, n`dq-category
using the higher morphisms in C.
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1. Introduction
This paper provides a universal answer to the following question. Suppose that one is interested
in objects equipped with some structure in a fixed higher category. What are the lax and oplax
(higher) transformations between such objects? For example, what are the lax and oplax (higher)
transformations between (strong) functors?
Although the answer to this question is interesting in the abstract, our motivation came from two
particular applications in quantum field theory. Our first motivation was to make precise the notion
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of “twisted quantum field theory” proposed in [ST11] (and the closely related notion of “relative
quantum field theory” from [FT12]), which requires a lax version of “symmetric monoidal natural
transformation between symmetric monoidal p8, nq-functors.” In the fully local case, the notion
is closely related to that of a boundary field theory. Our second motivation was to extend the
construction of “higher” Morita categories due to Calaque and the second author in [CS15a] and to
Haugseng [Hau14a] to build “even higher” Morita categories in which higher-categorical intertwiners
between bimodules are allowed — in particular, the p8, 4q-category of braided monoidal categories,
monoidal categories, bimodule categories, bimodule functors, and bimodule intertwiners proposed
by [Wal06, Section 9], [DSS13], and [BZBJ15, Conjecture 6.5]. (Op)lax natural transformations
and their higher cousins should have other applications we have not touched upon; for example,
the paper [HSS15] has already applied our definition of “symmetric monoidal oplax transfors” to
develop a notion of “higher trace” suitable for categorifying the Chern character.
In the remainder of the introduction we give a rather detailed account as an end-user guide
avoiding the technicalities of higher categories.
Twisted quantum field theories and (op)lax natural transformations.
Atiyah [Ati88], building on work of Segal [Seg04], and extended by [Fre94, BD95] and others,
famously proposed that the mathematical definition of quantum field theory should be in terms of
symmetric monoidal functors out of a suitable category of space-times. More precisely, suppose
that one wants to study d-dimensional quantum field theories defined in terms of some background
geometry G such as framings, orientations, but also conformal or Euclidean structures. To package
these “spacetimes” together to obtain a symmetric monoidal p8, nq-category BordGd´n,...,d for n ď d,
this geometry should make sense on manifolds of dimension d´ n` k which serve as k-morphisms
for k ď n; such field theories are called n-extended, and fully extended, or fully local when n “ d.
(See [Res10, ST11] for discussion of categories of cobordisms equipped with geometry and their role
in quantum field theory.) As target, one should consider a symmetric monoidal p8, nq-category
Vectn whose n-morphisms are numbers or matrices and whose pn ´ 1q-morphisms are Hilbert
spaces. Then a quantum field theory built on BordGd´n,...,d with values in Vectn is defined to be a
symmetric monoidal functor Z : BordGd´n,...,d Ñ Vectn.
Functors Z : BordGd´n,...,d Ñ Vectn capture many important examples of quantum field the-
ories, but by no means all of them. For example, they miss already conformal field theories in
the sense of [Seg04] in which the space of conformal blocks (i.e. the modular functor) is non-
trivial. A generalization of the above definition was proposed in [ST11] under the name twisted
quantum field theory1. Suppose that one wants to model quantum field theories on a symmet-
ric monoidal p8, nq-category BordGd´n,...,d. A twist for such theories is a symmetric monoidal
functor T : BordGd´n,...,d Ñ Vectn`1, meaning in particular that it takes top-dimensional “space-
times” to vector or Hilbert spaces rather than numbers. There is of course a trivial such functor
1 : BordGd´n,...,d Ñ Vectn`1, which takes every k-morphism in Bord
G
d´n,...,d to the identity k-
morphism on the unit object 1 P Vectn`1. A twisted quantum field theory is supposed to be a
symmetric monoidal natural transformation Z : 1ñ T of symmetric monoidal functors.
BordGd´n,...,d C
1
T
1The choice of terminology is unrelated to the “topological twisting” used for example in [Wit88]; the name is
based instead on “twisted K-theory”.
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Remark 1.1. A closely related notion, called relative quantum field theory, is proposed in [FT12].
In all their examples, the “twist” data is not just a functor T : BordGd´n,...,d Ñ Vectn`1, but
in fact is the restriction of a functor T˜ : Bordd´n,...,d`1 Ñ Vectn`1, where Bordd´n,...,d`1 is
the symmetric monoidal p8, n ` 1q-category of topological cobordisms up to dimension d ` 1.
Like twisted quantum field theories, relative quantum field theories with twist T are thought of as
transformations Z : 1ñ T , but in [FT12] it is suggested that the definition of such transformations
should be in terms of G-geometric “boundary conditions” for the quantum field theory T˜ . We will
discuss a comparison in the fully local case in Theorem 7.15, see also [FV14]. ♦
Recall that given functors between bicategories F,G : B Ñ C, there are three natural notions of
“natural transformation” η : F ñ G. In all three cases, the data of η includes, for each object B P B,
a morphism ηpBq : F pBq Ñ GpBq in C. The difference is in how the three types of transformations
handle “naturality.” If η is strong (also called “pseudo,” to distinguish it from “strict natural
transformation between strict 2-categories”) and B1
b
Ñ B2 is a 1-morphism in B, then the data of
η includes a 2-isomorphism ηpbq : Gpbq ˝ ηpB1q – ηpB2q ˝ F pbq, which is in turn compatible with
compositions and natural for 2-morphisms in B. But if η is lax, then the data of η only includes a
2-morphism ηpbq : Gpbq ˝ ηpB1q ñ ηpB2q ˝ F pbq which may not be invertible, and if η is oplax then
we only have a 2-morphism ηpbq : ηpB2q ˝ F pbq ñ Gpbq ˝ ηpB1q.
lax
F pB1q F pbq F pB2q
ηpB1q
GpB1q Gpbq GpB2q
ηpB2q
ηpbq
oplax
F pB1q F pbq F pB2q
ηpB1q
GpB1q Gpbq GpB2q
ηpB2q
ηpbq
Remark 1.2. The literature provides a majority opinion, but by no means a consensus, on the
question of which natural transformations should be called “lax” and which “oplax.” Our use agrees
with the majority, including the original paper [Be´n67]; [Joh02a, Joh02b] is a notable example that
reverses which natural transformations are called “lax” and which “oplax.” Discussion of the costs
and benefits of the standard terminology can be found at [lax]. ♦
Abstract nonsense of p8, nq-categories provides a straightforward generalization of “strong” nat-
ural transformations. Indeed, the p8, 1q-category of p8, nq-categories is Cartesian closed, so given
p8, nq-categories B and C, there is naturally an p8, nq-category rB, Cs whose objects can be iden-
tified with functors B Ñ C and whose 1-morphisms are the strong natural transformations. But
this is not good enough for quantum field theory: strong natural transformations lead to very
few examples of twisted quantum field theories Z : 1 Ñ T ; both [ST11, FV14] call instead
for lax natural transformations. The failure of strong transformations can be seen most clearly
in topological quantum field theory where all objects B P B “ Bordd´n,...,d have duals. Sup-
pose that B P B has a dual object B˚ and that η : F ñ G is a symmetric monoidal strong
natural transformation. Then the data of η includes 1-morphisms ηpBq : F pBq Ñ GpBq and
ηpB˚q : F pBq˚ » F pB˚q Ñ GpB˚q » GpBq˚ and also naturality squares coming from the pairing
and copairing for B which, since η is strong, are filled in by equivalences. A straightfoward diagram
chase then shows that ηpBq and ηpB˚q˚ : GpBq » GpBq˚˚ Ñ F pBq˚˚ » F pBq are each others’
inverses, and so η is invertible. We are therefore faced with our first motivating question: How
to define lax and oplax natural transformations between strong functors of symmetric monoidal
p8, nq-categories?
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To explain our proposed solution, we mention one more way of thinking about strong natural
transformations. Let Θp1q “ t u denote the “walking 1-morphism” (compare Definition 3.3). It
has the property that for any p8, nq-category C, functors Θp1q Ñ C are the same as 1-morphisms in C.
Cartesian closedness of the p8, 1q-category of p8, nq-categories provides an p8, nq-category rΘp1q, Cs
of functors Θp1q Ñ C along with “source” and “target” functors s, t : rΘp1q, Cs Ñ C corresponding
to the two inclusions Θp0q “ t u Ñ Θp1q (note that C » rΘp0q, Cs). Given functors F,G : B Ñ C, a
strong natural transformation F ñ G is nothing but a functor η : B Ñ rΘp1q, Cs satisfying s ˝ η “ F
and t ˝ η “ G.
Similarly, in Definition 5.14 we will construct, for any p8, nq-category C, two new p8, nq-categories
which we will call CÓ and CÑ with functors s, t : CÓ Ñ C and s, t : CÑ Ñ C. All three p8, nq-
categories rΘp1q, Cs, CÓ, and CÑ have the same objects — the one-morphisms in C — although we
think of them slightly differently: in CÓ we think of the objects as “vertical” arrows
C1
c
C2
P CÓ,
whereas we think of the objects of CÑ as “horizontal” arrows
C1
c
C2 P C
Ñ.
The differences between rΘp1q, Cs, CÓ, and CÑ are in the higher morphisms. A 1-morphism in
rΘp1q, Cs is by definition a commuting-up-to-isomorphism square in C, i.e. a diagram in C of shape
Θp1q ˆΘp1q. The 1-morphisms on CÓ and CÑ, for comparison, are each squares that commute only
up to non-invertible 2-morphism. A typical 1-morphism cÑ d in CÓ is a diagram in C of shape
C1 D1
c
C2 D2
d
f
and a typical 1-morphism cÑ d in CÑ looks similar, but with reversed direction of the 2-morphism
filling the square
C1 c C2
D1 d D2
f
or, flipping the diagram,
C1 D1
c
C2 D2
d
f
.
In general, the k-morphisms of CÓ and CÑ will be defined in terms of diagrams of certain shapes
(which we will call Θpkq;p1q and Θp1q;pkq respectively) in C. For example, the 2-morphisms f ñ g in
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CÓ and CÑ look, respectively, like
C1 D1
C2 D2
c d
f1
f2
and
f1
C1 c C2
D1 d D2
f2
.
Our diagrammatics are an analog of the construction from [Cra99]. The p8, nq-categories CÓ and
CÑ are built so that the following generalizes the usual notions from bicategories.
Definition 1.3. Let B and C be p8, nq-categories and F,G : B Ñ C functors. A lax natural
transformation η : F ñ G is a functor η : B Ñ CÓ such that s ˝ η “ F and t ˝ η “ G. An oplax
natural transformation η : F ñ G is a functor η : B Ñ CÑ such that s ˝ η “ F and t ˝ η “ G.
When C is symmetric monoidal, so too will be CÓ and CÑ, and the obvious symmetric monoidal
variant of Definition 1.3 is given in Definition 6.7. Specializing to the case when B “ BordGd´n,...,d
and C “ Vectn`1, we have:
Definition 1.4. Let T : BordGd´n,...,d Ñ Vectn`1 be a symmetric monoidal functor. A lax T -
twisted quantum field theory is a symmetric monoidal lax natural transformation Z : 1ñ T , i.e. a
functor Z : BordGd´n,...,d Ñ pVectn`1q
Ó such that s ˝Z “ 1 is the trivial field theory and t ˝Z “ T
is the given twist T . An oplax T -twisted relative field theory is a symmetric monoidal oplax natural
transformation Z : 1ñ T , i.e. a functor Z : BordÑ CÑ such that s ˝ Z “ 1 and t ˝ Z “ T .
Inspection of the literature reveals that T -twisted quantum field theories are sometimes taken to
be lax and sometimes oplax. Oplax T -twisted field theories enjoy the property that for any closed
cobordism b P Bord, the value Zpbq of the field theory on b is an “element” of the twist T pbq (see
Example 7.3); this is often taken as the defining property of “T -twisted quantum field theories.” On
the other hand, we would be able to recover the usual notion of functorial QFT when twisting by
the trivial twist (c.f. [ST11, Lemma 5.7]). This suggests that lax T -twisted quantum field theories
better deserve the name, because of the following fact which we will prove in Theorem 7.4:
Theorem 1.5. Lax trivially-twisted field theories in a symmetric monoidal p8, n ` 1q-category C
— i.e. T -twisted theories for T “ 1 the trivial field theory — are the same as “absolute” (also
called “untwisted”) field theories valued in the “looping” ΩC of C — i.e. the symmetric monoidal
p8, nq-category of endomorphisms of the unit object in C.
A good definition of C “ Vectn`1 as desired above should satisfy that ΩVectn`1 » Vectn,
so Theorem 1.5 indeed recovers (untwisted) quantum field theories Z : BordGd´n,...,d Ñ Vectn as
defined earlier.
With our definition of twisted quantum field theories at hand, we turn to the fully local topological
case. Let Bordfrn denote the fully extended framed topological bordism category from [Lur09c,
CS15b]; the Cobordism Hypothesis of [Lur09c] identifies field theories based on Bord “ Bordfrn
with n-dualizable objects in the target category. Using the cobordism hypothesis, we can classify
twisted field theories based on Bordfrn . The following theorem is a special case of Corollary 7.7,
which also covers “higher twists” between twisted field theories.
Theorem 1.6. Let C be a symmetric monoidal p8, n` 1q-category and T : Bordfrn Ñ C a fully ex-
tended framed twist. A lax T -twisted fully extended framed field theory is classified by a 1-morphism
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f : 1 Ñ T pptq in C which is n-times left-adjunctible in that it has a left-adjoint fL, the unit and
counit 2-morphisms witnessing the adjunction between f and fL both have left adjoints, the unit
and counit 3-morphisms of those two adjunctions all have left adjoints, and so on n times. An oplax
T -twisted fully extended framed field theory is classified by a 1-morphism f : 1Ñ T pptq in C which
is n-times right-adjunctible in a similar sense.
Again, using the Cobordism Hypothesis, this time the version for manifolds with singularities,
we obtain in Theorem 7.15 a comparison result to fully extended boundary field theories, proposed
in [FT12] as the definition of “relative field theory”.
Theorem 1.7. Let Bord “ Bordfrn denote the fully extended framed topological bordism category
from [Lur09c, CS15b] and Bordfr,Bn`1 the fully extended framed bordism category with “free bound-
aries” described in Section 4.3 in [Lur09c]. Let C be a symmetric monoidal p8, n` 1q-category with
duals. The following are equivalent:
(1) 1-morphisms in C with source 1,
(2) fully extended n-dimensional boundary field theories BordBn`1 Ñ C,
(3) lax twisted field theories with trivial source,
(4) oplax twisted field theories with trivial source.
Higher (op)lax transfors and even higher Morita categories.
Our second motivation was to provide a higher-categorical generalization of Morita theory. Clas-
sical Morita theory concerns the Morita bicategory AlgpVectKq, first introduced in [Be´n67], whose
objects are algebras over K, 1-morphisms are bimodules, and 2-morphisms are homomorphisms of
bimodules; equivalence in this bicategory is the Morita equivalence introduced in [Mor58]. General-
izing this construction, given a symmetric monoidal category C we can assign its Morita bicategory
AlgpCq “ Alg1pCq, which, when instead considering symmetric monoidal p8, 1q-categories C, is
merely the first in an infinite sequence of “higher Morita categories” AlgdpCq. By definition, the
objects of AlgdpCq are Ed-algebras in C, i.e. algebras for the little d-disks operad, which objects
equipped with d compatible associative unital multiplications. The 1-morphisms are bimodules
between Ed-algebras which are themselves Ed´1-algebras. The 2-morphisms are Ed´2-bimodules
between the 1-morphisms, with compatibility conditions. One continues in this way until one gets
to the d-morphisms, where a choice must be made: to generalize Morita’s original work, one should
take merely bimodules between E1-algebras; for many applications it is better to take pointed bi-
modules (also called E0-algebras) between the E1-algebras. In either case the construction produces
from C a symmetric monoidal p8, dq-category AlgdpCq.
Under certain mild technical conditions guaranteeing that bimodule tensor product is associative
(see Definition 8.1), the papers [Hau14a, CS15a], using different techniques, construct versions of
the higher Morita p8, dq-categories AlgdpCq, the former without, the latter with pointings. Both
constructions in fact turn the p8, 1q-category C into an p8, d` 1q-categorical extension of AlgdpCq
whose 0- through d-morphisms are algebras and bimodules and whose pd`1q-morphisms are homo-
morphisms of bimodules. For applications in quantum field theory, however, this does not suffice:
the higher morphisms in C should be used as well. For example, [BZBJ15, Conjecture 6.5] re-
quires an p8, 4q-categorical version of Alg2pCatq whose objects are braided monoidal categories,
1-morphisms are monoidal categories, 2-morphisms are bimodule categories, 3-morphisms are bi-
module functors, and 4-morphisms are bimodule natural transformations. Similarly, the category
TC from [DSPS13, DSPS14] should be a subcategory of an p8, 3q-categorical version of Alg1pCatq.
There are, however, three different types of “bimodule functors” between bimodule categories
[BKP89]: in a strong bimodule functor, compatibility with the actions can be imposed up to isomor-
phism; in lax and oplax bimodule functors, compatibility is imposed just by possibly-non-invertible
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natural transformation, the direction of which depends on the choice of “lax” or “oplax.” Our
categories CÓ and CÑ clarify and extend this trichotomy, cf. Example 8.8:
Definition 1.8. Let C be a symmetric monoidal p8, nq-category. Given bimodule objects A and B
in C, a lax morphism f : A Ñ B is a bimodule object f in CÓ such that spfq “ A and tpfq “ B.
An oplax morphism f : AÑ B is a bimodule object f in CÑ such that spfq “ A and tpfq “ B. A
strong morphism is a bimodule object in rΘp1q, Cs.
More generally, the framework allows to define lax/oplax/strong morphisms of P -algebras, for
“P -algebra” a type of algebraic object such as a colored operad such as the bimodule operad above
or the associative operad, or even an p8, nq-category such as Bordn.
Definition 1.9. Let C be a symmetric monoidal p8, nq-category. Given P -algebras A and B in C,
a lax morphism f : A Ñ B is a P -algebra f in CÓ such that spfq “ A and tpfq “ B. An oplax
morphism f : AÑ B is a P -algebra f in CÑ such that spfq “ A and tpfq “ B. A strong morphism
is a P -algebra in rΘp1q, Cs.
Example 1.10. When P is the associative operad and C is the bicategory of categories, P -algebras
in C are precisely monoidal categories. A lax morphism A Ñ B between monoidal categories is
nothing but a lax monoidal functor — a functor that takes algebra objects to algebra objects. An
oplax morphism is an oplax monoidal functor, taking coalgebras to coalgebras. ♦
In the higher Morita category, we want not just (op)lax bimodule morphisms between bimodules
in an p8, nq-category C, but (op)lax bimodule 2-morphisms between (op)lax morphisms using the
2-morphisms in C, and so on. Similarly, when considering (op)lax natural transformations between
functors, one should moreover consider higher transformations between natural transformations,
called k-transfors in [Cra99] (numbered so that 0-transfors are functors and 1-transfors are natural
transformations). We will define lax and oplax k-transfors between functors analagously to our
definitions of lax and oplax natural transformations and morphisms. Namely, given an p8, nq-
category C and k ď n, we construct p8, nq-categories C lax
pkq
and C
oplax
pkq
in terms of diagrams in C of
certain shapes generalizing the construction above, the objects of which are the k-morphisms of C:
when k “ 1, C laxpkq “ C
Ó and C
oplax
pkq “ C
Ñ. Completing the picture, let Θpkq denote the “walking
k-morphism” (see Definition 3.3; for example Θp2q “
 (
), and set C
strong
pkq “ rΘ
pkq, Cs. For all
three, denoting ˚ “ “lax”, “oplax”, or “strong”, there are functors s, t : Cfpkq Ñ C
f
pk´1q.
Definition 1.11. Choose ˚ “ “lax”, “oplax”, or “strong”.
Given p8, nq-categories B and C, a ˚-k-transfor is a functor η : B Ñ Cfpkq. The source and target
of the ˚-k-transfor η are the ˚-pk ´ 1q-transfors s ˝ η, t ˝ η : B Ñ Cf
pk´1q
.
Given a symmetric monoidal p8, nq-category C a ˚-k-morphism of P -algebras in C is a P -algebra
α in Cfpkq. The source and target of the ˚-k-morphism α ˚-pk ´ 1q-morphisms spαq, tpαq P C
f
pk´1q.
With Definition 1.11 in place, given a symmetric monoidal p8, nq-category C, we can extend
the higher Morita p8, dq-categories AlgdpCq from [Hau14a, CS15a] to three different even higher
Morita p8, d ` nq-categories Algstrongd pCq, Alg
lax
d pCq, and Alg
oplax
d pCq. In all three cases, the 0-
through d-morphisms of Alg˚dpCq are those of AlgdpCq — the Ed-algebras, Ed´1-bimodules, and
so on — but for k “ 0, . . . , n, the pd ` kq-morphisms of Alg˚dpCq are defined to be ˚-k-morphisms
of bimodules.
More precisely, because the Algdp´q construction requires certain technical conditions on C, so
too we need C to satisfy certain technical conditions, depending on the choice of “lax”, “oplax”,
or “strong”, in order to have any of Algstrongd pCq, Alg
lax
d pCq, or Alg
oplax
d pCq. In Theorem 8.5 we
prove that our technical conditions suffice. This allows, in Definition 8.6 to define the even higher
Morita category:
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Theorem/Definition 1.12. Let ˚ “ “lax,” “oplax,” or “strong”, and let C satisfy the required
conditions specified in Theorem 8.5. Using either construction from [Hau14a, CS15a], then there an
p8, dq-by-p8, nq double category p~k;~lq ÞÑ AlgdpC
f
~l
q~k. The even higher Morita category Alg
˚
dpCq of
Ed-algebras and ˚-morphisms in C is its underlying p8, d` nq-category.
Remark 1.13. The technical conditions required are the natural conditions for defining the relative
tensor product of bimodule objects, namely the existence and compatibility of certain colimits. ♦
Our main examples are the following:
Example 1.14.
‚ In Example 8.9 we observe that the bicategory RexK of finitely-cocomplete K-linear cat-
egories, finitely-cocontinuous K-linear functors, and natural transformations satisfies the
required conditions for Algstrongd pRexKq to exist.
– For d “ 2, since RexK is a bicategory, the p8, 4q-category Alg
strong
2 pRexKq is the
Morita category of braided monoidal categories predicted in [Wal06, BZBJ15].
– For d “ 1, the 3-category TC of [DSPS13, DSPS14] is expected to be a subcategory of
Algstrong1 pRexq; see Example 8.10.
‚ Remark 8.12 suggests that many more p8, nq-categories C of interest satisfy sufficient con-
ditions to assure the existence of Algstrongd pCq.
‚ For comparison, as a non-example, Example 8.11 shows that the bicategory PresZ of locally
presentable additive categories does not satisfy the conditions required for the oplax version
of our construction. Since the conditions were the natural ones for the existence of relative
tensor products of bimodules, we don’t expect that a different construction would fix this
problem. ♦
To conclude, we note that our framework for (op)lax transfors is of interest independently. In
particular, we prove in Corollary 5.19 that (op)lax transfors assemble into an p8, nq-category:
Theorem 1.15. Given p8, nq-categories B and C there are p8, nq-categories FunlaxpB, Cq and
FunoplaxpB, Cq whose objects are the functors from B to C, and whose k-morphisms are lax or
oplax k-transfors between functors B Ñ C. They depend naturally on the inputs B and C. In
particular, given equivalences of p8, nq-categories B1
„
Ñ B and C
„
Ñ C1, the corresponding functors
FunlaxpB, Cq Ñ FunlaxpB1, C1q and FunoplaxpB, Cq Ñ FunoplaxpB1, C1q are equivalences.
The “strong” version of Theorem 1.15 is automatic: FunstrongpB, Cq “ rB, Cs is the functor
category determined by Cartesian closedness. If B and C are symmetric monoidal, we can ask
for symmetric monoidal ˚-k-transfors and p8, nq-categories thereof, described in Definition 6.8
and Corollary 6.9; this variant can be used to show that for many notions of “P -algebra,” in-
cluding any described in terms of algebras for an operad, the (op)lax k-morphisms of P -algebras in
C also package into an p8, nq-category.
Remark 1.16. In spite of the names, it is worth emphasizing that our categories FunlaxpB, Cq and
FunoplaxpB, Cq have as their objects the “strong” functors from B to C, in the sense that functorial-
ity (and symmetric monoidality in the case of Funlaxb pB, Cq and Fun
oplax
b pB, Cq) are enforced up to
equivalence: the words “lax” and “oplax” apply only to the transformations between functors and
higher transfors thereof. The case of bicategories illustrates the problem of allowing functoriality
itself to be (op)lax. Indeed, given bicategories B and C, there is a bicategory whose objects are lax
functors from B to C, 1-morphisms are lax natural transformations, and 2-morphisms are modifica-
tions, but this category does not depend well on the choice of B: equivalent input bicategories can
nevertheless produce inequivalent bicategories of lax functors [SPS]. This particular bad behavior
does not occur for the bicategory of strong (also called “pseudo”) functors and lax transformations,
and our results show that that pattern continues to the p8, nq-world. ♦
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Organization of the paper.
In this note we model p8, nq-categories as complete n-fold Segal spaces; we provide a short review
in Section 2. We have tried to keep the paper reasonably self-contained and accessible, and so to
supplement Section 2 we include an Appendix on model categories as a crimp sheet for non-experts.
An important technical tool is the notion of “computad,” which we recall in Section 3, where
we also introduce the main players in the construction of the p8, nq-categories C laxpkq and C
oplax
pkq ,
computads Θpiq;pjq called the walking i-by-j-morphisms. Examples of walking i-by-j-morphisms for
small i and j are computed in Section 4. In Section 5 we prove that for any p8, nq-category C, the
spaces of “i-by-j-morphisms in C,” whose diagrammatics are controlled by Θpiq;pjq, package into a
“double p8, nq-category” Cl (i.e. a complete n-fold Segal space internal to complete n-fold Segal
spaces) which we call the (op)lax square of C. We define C laxpkq and C
oplax
pkq as the p8, nq-categories of
“vertical k-morphisms” and “horizontal k-morphisms” in Cl respectively.
Symmetric monoidal structures are discussed in Section 6, where we show that if C is symmet-
ric monoidal, so is Cl. In Section 7 we discuss twisted quantum field theories in some detail. In
Section 8 we construct various “even higher” p8, d` nq-Morita categories of Ed-algebras in a sym-
metric monoidal p8, nq-category. Unfortunately, in order to keep Section 8 from growing too long,
we will not be able to review all details of the constructions in [Hau14a, CS15a]; we recall only the
parts necessary for our purposes, relying on the reader to consult the references for more background
information.
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2. n-uple and complete n-fold Segal spaces
We will model p8, 1q-categories as complete Segal spaces following [Rez01] (with one modification:
as is done in [Lur09b, Hor14], we leave out the Reedy fibrancy condition included in the [Rez01]
definition). Their n-fold iteration models n-fold categories, the higher analogs of double categories,
rather than p8, nq-categories. We follow [Lur09b, Hau14b] and use the term “complete n-uple
Segal space” for them. To instead obtain a model for p8, nq-categories, following [BSP11] we have
to add an extra condition, and obtain “complete n-fold Segal spaces”. We recall the “user interface”
definitions in this section. In the Appendix we review some of the “machine code” model category
theory that runs in the background.
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Throughout we use the word space to mean Kan simplicial set. We will write Spaces for the
(strict) category of spaces; it is a full subcategory of the category sSet of simplicial sets, which will
play a starring role in the Appendix.
Definition 2.1. A (1-fold) Segal space C is a simplicial object C‚ : ∆
op Ñ Spaces satisfying the
Segal condition, which says that for every k ě 1 the natural map
Ck Ñ C1
h
ˆ
C0
C1
h
ˆ
C0
. . .
h
ˆ
C0
C1
k times
,
induced by the maps r0s Ñ rks sending 0 to i and r1s Ñ rks sending 0 to i ´ 1 and 1 to i, is an
equivalence.
The space C0 is thought of as the space of objects of an p8, 1q-category C; the Segal condition
says that Ck should be thought of as the space of k-tuples of composable 1-morphisms. Moreover,
2-morphisms should be invertible and can be thought of as paths in the space C1 of 1-morphisms,
3-morphisms as homotopies between them, etc.
To any higher category one can associate an ordinary category having the same objects, with
morphisms being 2-equivalence classes of 1-morphisms:
Definition 2.2. The homotopy category h1pCq of a Segal space C “ C‚ is defined as follows. Its
set of objects is the underlying set (i.e. the set of zero-simplices) C˘0 of the space C0. For x, y P C˘0,
the set of morphisms from x to y is
homh1pCqpx, yq :“ π0 phomCpx, yqq “ π0
ˆ
txu
h
ˆ
C0
C1
h
ˆ
C0
tyu
˙
.
The composition of morphisms is defined by applying π0 to the following zig-zag of spaces:ˆ
txu
h
ˆ
C0
C1
h
ˆ
C0
tyu
˙
ˆ
ˆ
tyu
h
ˆ
C0
C1
h
ˆ
C0
tzu
˙
ÝÑ txu
h
ˆ
C0
C1
h
ˆ
C0
C1
h
ˆ
C0
tzu
„
ÐÝ txu
h
ˆ
C0
C2
h
ˆ
C0
tzu
ÝÑ txu
h
ˆ
C0
C1
h
ˆ
C0
tzu .
The second arrow, being a weak equivalence, induces a bijection on π0.
Definition 2.3. Let C be a Segal space and Cinv the space of elements in C1 which become invertible
in the homotopy category of C. Then C is said to be complete if the map C0 Ñ Cinv induced by the
degeneracy map is an equivalence.
The space Cinv is usually called C
inv
1 in the literature. The former notation will be convenient in
the proofs of Lemma 2.8 and Theorem 5.11.
Remark 2.4. Completeness is a version of skeletality: it says that all isomorphisms in the category
C are already paths in the space of objects C0. ♦
Lemma 2.5. The space Cinv can be presented as the homotopy fiber product
Cinv “ C3
h
ˆ
C1ˆC1
pC0 ˆ C0q
where the two maps C3 Ñ C1 correspond to the inclusions r1s Ñ r3s as either the p0, 2q-edge of the
3-simplex or as the p1, 3q-edge.
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This realizes the idea that a homotopy-invertible morphism is one that has both left and right
up-to-homotopy inverses; the homotopy-invertible morphism itself corresponds to the p1, 2q-edge.
We defer the proof to the end of this section.
We can iterate Definition 2.1 and inductively define the higher versions of Segal spaces, see
e.g. [Lur09b, Hau14b]. A priori, we obtain higher versions of double categories and, by further
induction steps, “n-uple categories.” Unfolding this iterative definition, we get the following.
Definition 2.6. An n-uple Segal space is an n-fold simplicial space C “ C‚,...,‚ : p∆
opqn Ñ Spaces
such that for every 1 ď i ď n, and every k1, . . . , ki´1, ki`1, . . . , kn ě 0,
Ck1,...,ki´1,‚,ki`1,...,kn
is a Segal space.
An n-uple Segal space C is complete if for every 1 ď i ď n and every k1, . . . , ki´1, ki`1, . . . , kn ě 0
Ck1,...,ki´1,‚,ki`1,...,kn
is a complete Segal space, i.e. C is complete in “every direction”.
Thus a (complete) n-uple Segal space C consists of a space C~k for each
~k P Nn, thought of as
the space of morphisms filling in a n-dimensional rectangle of size k1 ˆ ¨ ¨ ¨ ˆ kn, which satisfies the
(complete) Segal condition in each direction.
To model p8, nq-categories, n-uple Segal spaces do not suffice, just as double categories are not
equivalent to bicategories. One must instead impose one extra condition:
Definition 2.7. A (complete) n-fold Segal space is a (complete) n-uple Segal space C such that for
every 1 ď i ď n´ 1, Ck1,...,ki´1,0,‚,...,‚ is essentially constant, i.e. the degeneracy maps
Ck1,...,ki´1,0,0,...,0 Ñ Ck1,...,ki´1,0,ki`1,...,kn
are equivalences.
One may always treat a complete n-fold Segal space as a constant complete pn ` 1q-fold Segal
space by declaring C~k,kn`1 “ C~k. Conversely, to simplify notation, we will often drop trailing 0s,
and write Ck1,...,ki for Ck1,...,ki,0,...,0. The essential constancy condition says that we may always
assume (by slight abuse of notation) that k1, k2, . . . , ki is a sequence of strictly-positive integers,
with the convention that the empty sequence (i “ 0) is allowed, so that CH “ C0 “ C0,0,...,0 is the
space of objects. Finally, the Segal condition says that a complete n-fold Segal space is (essentially)
determined by (face and degeneracy maps and) the spaces C1,...,1,0,...; when there are i 1s, we
abbreviate C1,...,1 by Cpiq, and think of it as “the space of i-morphisms in C.” More generally, we
abbreviate any i consecutive 1s by piq, e.g. C2,piq,2 :“ C2,1,...,1,2,0,...
Lemma 2.8. Suppose that C~‚ is an n-fold Segal space which is not known to be complete, but
which satisfies the a priori weaker condition that each Segal space Ck1,...,ki,‚,0,0,... is complete for all
0 ď i ď n and ~k P Ni. Then C is in fact complete.
In [BSP11], this equivalent but seemingly weaker condition is taken as the definition of “com-
pleteness” of n-fold Segal spaces, whereas the seemingly stronger version that we give matches the
one used in [Lur09b, Hau14b]. Lemma 2.8 verifies that the two definitions of complete n-fold Segal
spaces agree. The result clearly depends on the essential constancy condition. We defer the proof
to the end of this section.
We turn now to the functors between complete n-fold Segal spaces.
Definition 2.9. A homomorphism of (complete) n-fold Segal spaces F : B‚,...,‚ Ñ C‚,...,‚ is a map
of n-fold simplicial spaces, i.e. it consists of continuous maps
Fk1,...,kn : Bk1,...,kn ÝÑ Ck1,...,kn
for every ~k “ pk1, . . . , knq P N
n which commute with the face and degeneracy maps.
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An equivalence of (complete) n-fold Segal spaces F : B‚,...,‚ Ñ C‚,...,‚ is a homomorphism such
that each map Fk1,...,kn is a homotopy equivalence of spaces. Two complete n-fold Segal spaces are
equivalent if they are connected by a zig-zag of equivalences.
This notion of homomorphism is, of course, a strict one; we would rather a notion which is invari-
ant under equivalences. Any such attempt will undoubtedly result in a space of maps B Ñ C, rather
than just a set of them. As a first attempt, note that the set of homomorphisms hompB~‚, C~‚q be-
tween complete n-fold Segal spaces is naturally the set of 0-simplices in a simplicial set mapspB~‚, C~‚q.
Indeed, any complete n-fold Segal space is among other things a functor p∆ˆnqop Ñ sSet (which
happens to take values in Kan complexes). Since sSet is locally presentable, the category of functors
from any small category to sSet is naturally enriched in sSet.
Lemma 2.10. Let B‚ and C‚ be (complete) n-fold Segal spaces. Suppose that at least one of the
following holds:
(1) When considered as a functor p∆ˆnqop Ñ sSet, B‚ is cofibrant for the projective model
structure.
(2) When considered as a functor p∆ˆnqop Ñ sSet, C‚ is fibrant for the injective model struc-
ture.
Then the simplicial set mapspB~‚, C~‚q is a Kan complex. Equivalences in either variable (preserving
the chosen (co)fibrancy) induce homotopy equivalences of Kan complexes.
Proof. The statement has nothing to do with (complete) n-fold Segal spaces, and relies only on:
(i) the existence of both injective and projective model structures (see Definition A.2) on the cat-
egory of functors p∆ˆnqop Ñ sSet; (ii) the fact that both such model categories are simplicial;
(iii) the observation that every functor p∆ˆnqop Ñ sSet is cofibrant for the injective model struc-
ture, and every functor valued in the subcategory Spaces, i.e. the full subcategory of Kan complexes,
is fibrant for the projective model structure. 
Suppose now that B~‚ and C~‚ are arbitrary complete n-fold Segal space, and rB~‚ Ñ B~‚ and C~‚ Ñ pC~‚
are equivalences with rB~‚ cofibrant for the projective model structure and pC~‚ fibrant for the injective
model structure. Note that any n-uple simplicial space which is equivalent to a complete n-fold
Segal space is necessarily also complete n-fold Segal. Lemma 2.10 implies that the induced maps
mapsp rX~‚, Y~‚q Ñ mapsp rX~‚, pY~‚q Ð mapspX~‚, pY~‚q are homotopy equivalences.
Definition 2.11. Let B~‚ and C~‚ be (complete) n-fold Segal spaces. With notation as above, we
refer to any of the homotopy equivalent spaces mapsp rB~‚, C~‚q, mapsp rB~‚, pC~‚q, and mapspB~‚, pC~‚q as the
derived mapping space mapshpB~‚, C~‚q
Note that it follows from Lemma 2.10 that the derived mapping space is independent (up to ho-
motopy) of the choice of cofibrant or fibrant resolution used. These choices can be made functorially.
We henceforth choose fibrant and/or cofibrant resolution functors, thereby defining mapshp´,´q so
as to be strictly functorial in each variable.
The derived mapping spaces mapshp´,´q can be packaged together into an p8, 1q-category known
as the “homotopy theory of p8, nq-categories.” More details are in the Appendix. In particular,
we recall the model category theoretic definition of said homotopy theory in Example A.10. That
that model category unpacks to the description presented herein follows from Lemma A.6. In
particular, complete n-fold Segal spaces are nothing but the fibrant objects of that model category,
and weak equivalences in that model category between fibrant objects are precisely the equivalences
in Definition 2.9.
With Definition 2.9 in hand, we can prove Lemma 2.5:
Proof of Lemma 2.5. This is proved in [Rez10, Proposition 10.1] under the assumption that the
simplicial space C‚ is fibrant for the injective model structure on simplicial spaces. The space
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C3 ˆ
h
C1ˆC1
pC0 ˆ C0q is obviously invariant up to homotopy under equivalences of Segal spaces.
It therefore suffices to see that an equivalence of Segal spaces C‚
„
Ñ D‚ induces an equivalence
Cinv
„
Ñ Dinv, since we may then functorially replace C by some injective-fibrant replacement. (As in
Definition 2.3, Cinv denotes the space usually called C
inv
1 .)
Let s, t : C1 Ñ C0 denote the source and target maps. Given elements x, y P C˘0, by definition
a 1-morphism in homh1Cpx, yq consists of a connected component f P π0pC1q along with homotopy
classes of paths in C0 connecting spfq to x and connecting tpfq to y. Thus the sets homh1Cpx, yq
are locally constant in x, y P C0, and any data about a morphism in h1C depends only on its
connected component. It follows that Cinv is a union of connected components of C1: precisely those
components that map to invertible morphisms in h1C.
An equivalence of Segal spaces C
„
Ñ D induces a functor h1pCq
„
Ñ h1pDq which is an isomorphism
on hom sets and an essential surjection, hence an equivalence of categories. It follows in particular
that the connected components of C1 appearing in Cinv correspond bijectively to the connected
components of D1 appearing in Dinv. Thus the equivalence C1
„
Ñ D1 induces a homotopy equivalence
Cinv
„
Ñ Dinv. 
To prove Lemma 2.8 we will need the analog of the homotopy category of a Segal space for 2-fold
Segal spaces.
Definition 2.12. The homotopy bicategory h2pCq of a 2-fold Segal space C “ C‚,‚ is defined as
follows. Its set of objects is the underlying set (i.e. the set of zero-simplices) C˘0,0 of the space C0,0
and
Homh2pCqpx, yq “ h1
`
HomCpx, yq
˘
“ h1
ˆ
txu
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
tyu
˙
as Hom categories. Horizontal composition is defined as follows:ˆ
txu
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
tyu
˙
ˆ
ˆ
tyu
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
tzu
˙
ÝÑ txu
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
tzu
Ð˜Ý txu
h
ˆ
C0,‚
C2,‚
h
ˆ
C0,‚
tzu
ÝÑ txu
h
ˆ
C0,‚
C1,‚
h
ˆ
C0,‚
tzu .
The second arrow happens to go in the wrong way but it is a weak equivalence. Therefore after
taking h1 it turns out to be an equivalence of categories, and thus to have an inverse (assuming the
axiom of choice).
Proof of Lemma 2.8. By fixing the first few indices, it suffices to prove that if C~‚ is an n-fold Segal
space such that for each i and k1, . . . , ki, the Segal space Ck1,...,ki,‚ is complete, then the map
Cp0q » C0,~‚ Ñ Cinv,~‚ is an equivalence of pn´ 1q-fold Segal spaces, i.e. for every l2, . . . , ln, the Segal
space C‚,l2,...,ln is complete. (We continue the convention of dropping trailing 0s. As in Definition 2.3,
for a Segal space D‚, we denote by Dinv the space usually called D
inv
1 .) Essential constancy and the
Segal condition together imply that a homomorphism of pn´ 1q-fold Segal spaces is an equivalence
as soon as it is an equivalence on all spaces of pjq-morphisms, i.e. it is enough to show that for every
j the Segal space C‚,pjq is complete. We therefore suppose by induction that we know C0,piq Ñ Cinv,piq
is an equivalence for some i and wish to show that C0,pi`1q Ñ Cinv,pi`1q is an equivalence. Note that
the base case j “ 0 is part of the initial assumption on C in the lemma.
Our goal is to move completeness from one index to another. Thus, consider the 2-fold Segal space
D‚,‚ “ C‚,piq,‚. Our inductive assumption asserts that D‚,0 “ C‚,piq,0 “ C‚,piq is complete, i.e. that
D0,0 Ñ Dinv,0 is an equivalence. Furthermore, the assumption in the lemma asserts that for every k
the Segal space Dk,‚ “ Ck,piq,‚ is complete, i.e. that D‚,0 Ñ D‚,inv is an equivalence of Segal spaces.
It remains to show that for any k the Segal space D‚,k “ C‚,piq,k is complete, which in turn by the
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Segal condition is reduced to showing the statement for k “ 1, namely that D0,0 » D0,1 Ñ Dinv,1 is
an equivalence.
Consider the homotopy bicategory h2D of D. Then Dinv,1 consists of those elements in Dp2q that
represent 2-morphisms in h2D which are invertible for the horizontal (i.e. first) composition in h2D.
But an easy application of the Eckmann–Hilton argument shows that a 2-morphism in a bicategory
is invertible for the horizontal composition if and only if its domain and codomain are invertible for
the horizontal composition and the 2-morphism is invertible for the vertical composition. We find
therefore
Dinv,1 “ Dinv,inv » Dinv,0 » D0,0.
Here Dinv,inv is the subspace of D1,1 consisting of those 2-morphisms that are invertible for both hor-
izontal and vertical composition. Lemma 2.5 implies that homotopy fiber products of Segal spaces
restrict to homotopy fiber products of invertible pieces (since homotopy fiber products commute),
and so the fact that D‚,0 Ñ D‚,inv is an equivalence for each ‚ P N implies that Dinv,0 Ñ Dinv,inv is
an equivalence. 
3. Walking i-by-j-morphisms
This section defines a collection of strict higher categories tΘpiq;pjqui,jPN, called the walking i-by-j-
morphisms. We will use these in Section 5 to define the (op)lax square Cl of an p8, nq-category C:
we will set Clpiq;pjq “ maps
hpΘpiq;pjq, Cq. The motivation for the construction is the following fact
about higher categories (which has been turned into an almost-definition of “higher category”
in [BSP11]): for each i P N there is a “globe” Θpiq, called the walking i-morphism, such that for
any p8, nq-category C there is a canonical homotopy equivalence Cpiq – maps
hpΘpiq; Cq; moreover,
the source and target maps Cpiq Ñ Cpi´1q are nothing but the pullbacks along canonical inclusions
s, t : Θpi´1q Ñ Θpiq. The use of “walking” in this sense comes from [Lau05].
The higher categories Θpiq;pjq are in an appropriate sense “free pi ` jq-categories.” The term
“n-computad” for “presentation of free n-category” was introduced in [Str76], but has only worked
its way into some corners of category theory land, and so we recall the definition. Recall first that a
strict n-category is a strict category strictly enriched in the strict category of strict pn´1q-categories.
The nerve of a strict category is a simplicial set that we may regard as a simplicial space which is
discrete at every level; by induction, the nerve of a strict n-category is an n-fold simplicial set, which
again we will regard as an n-fold simplicial space which is discrete at every level. Nerves of strict
n-categories automatically satisfy the Segal and essential constancy conditions, and so are n-fold
Segal spaces. They are rarely complete: completeness of the nerve is equivalent to the category
being gaunt, which requires every isomorphism to be an identity.
Definition 3.1. An n-computad Θ is a presentation of a strict n-category freely generated by sets
of k-morphisms for 0 ď k ď n. It consists of:
‚ an pn ´ 1q-computad BΘ, called the pn´ 1q-skeleton of Θ;
‚ a set of generating n-morphisms;
‚ if n ě 1, then for each generating n-morphism there is a pair of parallel pn´ 1q-morphisms,
its source and target, in the strict pn´ 1q-category generated by BΘ.
For k ď n, the k-skeleton of an n-computad Θ is the k-computad Bn´kΘ. Any n-computad may be
considered an pn`1q-computad with no generating pn`1q-morphisms; a computad is an n-computad
for some n. By convention, the p´1q-skeleton of any computad is empty.
For example, a 0-computad is a set and a 1-computad is a quiver. Every n-computad Θ deter-
mines in particular an n-dimensional CW complex whose k-cells are the k-dimensional generators.
The extra data in a computad are the “directions” of the cells. This CW complex is the “groupoid-
ification” of Θ, in which every generating morphism is forced to be invertible; we therefore call
it GrpΘq.
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Remark 3.2. We will abuse notation and conflate an n-computad with the free strict n-category
it generates and the nerve thereof regarded as an n-fold Segal space. Note that computads are au-
tomatically gaunt and so the corresponding n-fold Segal spaces are complete. Computads generally
are not projectively cofibrant (compare Lemma 2.10). This can be seen already for the quiver t u
thought of as a 1-computad. Indeed, suppose that C‚ is a complete Segal space and s, t : C1 Ñ C0
are the source and target maps. Then the underived mapping space from this computad to C is a
strict fibered product of spaces:
maps p , Cq “ C1 ˆ
C0
C1
where both maps C1 Ñ C0 are the source map s. This strict fibered product is not invariant under
replacing C by an equivalent complete Segal space, and so the (nerve of the) quiver t u must not
be cofibrant.
One can eyeball a cofibrant replacement of t u: that left vertex should be replaced by an
interval worth of vertices. A more robust computation works as follows. The nerve of t u arrises
as a pushout of simplicial sets:
t u “ t u Y
t u
t u.
The simplicial sets in question are all projectively cofibrant as simplicial spaces: they are just the
standard 0- and 1-dimensional simplices arising from the Yoneda embedding. The maps t u ãÑ t u
are levelwise inclusions, and hence cofibrations for the injective model structure on simplicial spaces.
Thus the above pushout is a homotopy pushout for the injective model structure. On the other
hand, homotopy pushouts in the injective and projective models are homotopy equivalent, and so a
projective-cofibrant replacement of the quiver in question can be computed by using the homotopy
colimit in the projective model: Čt u “ t u hY
t u
t u. ♦
We now define the walking i-morphism as an i-computad:
Definition 3.3. The walking i-morphism is the i-computad Θpiq with pi ´ 1q-skeleton BΘpiq “
Θpi´1qYBΘpi´1qΘ
pi´1q, and a unique generating i-morphism with source the unique generating pi´1q-
morphism in the first copy of Θpi´1q and target the unique generating pi´1q-morphism in the second
copy of Θpi´1q. We denote the inclusions Θpi´1q ãÑ Θpiq on the first and second copies by spiq and tpiq.
For example, the walking 0-morphism is the one-element set Θp0q “ t u, with p´1q-skeleton
BΘp0q “ H. The walking 1-morphism is the “A2 quiver” Θ
p1q “ t u. The walking 2-morphism is
the standard bigon:
Θp2q “
# +
Remark 3.4. The walking bigon Θp2q, or rather its nerve, is not projectively cofibrant as a 2-uple
simplicial space. Consider the 2-uple simplicial set
where dashed edges denote 1-simplices in the second direction, and solid edges denote 1-simplices
in the first direction. Thus it has four p0 ˆ 0q-simplices, two nondegenerate p1 ˆ 0q-simplices, two
nondegenerate p0ˆ1q-simplices, and one nondegenerate p1ˆ1q-simplex. All other uple-simplices are
degenerate. It is a complete 2-uple simplicial space, but it is not essentially constant. It corresponds
via the Yoneda embedding to the object pr1s, r1sq P ∆ˆ2, and so is projective-cofibrant.
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The bigon Θp2q arrises as a pushout of simplicial sets:
“ Y Y
Since the inclusion Y ãÑ is an injective-fibration, this pushout is also a homotopy pushout in
the injective model on 2-uple simplicial spaces. Just as in Remark 3.2, it follows that a projective-
cofibrant replacement of Θp2q can be computed by replacing the above pushouts instead as homotopy
pushouts in the projective model structure on 2-uple simplicial spaces:
ĄΘp2q “ hY hY
Given a complete 2-uple Segal space C, we conclude:
mapshpΘp2q, Cq “ C0,0 ˆ
h
C0,1
C1,1 ˆ
h
C0,1
C0,0.
This is equivalent to Cp2q “ C1,1 provided C is essentially constant, as then the maps C0,0 Ñ C0,1 are
homotopy equivalences. ♦
We turn now to defining Θpiq;pjq as an pi ` jq-computad. We construct Θpiq;pjq by gluing two
parallel copies of Θpi´1q;pjq and two parallel copies of Θpiq;pj´1q together along the inclusions of lower
Θ’s and filling it with an pi ` jq-dimensional morphism in a suitable way. The end result is a
higher-categorical version of the Crans–Gray tensor product of Θpiq with Θpjq [Gra74, Cra99]. We
phrase the definition as the following result:
Proposition 3.5. There is a unique system of computads tΘpiq;pjqui,jPN, called the walking i-by-j-
morphisms, satisfying the following:
(1) When either i or j vanishes, we have Θpiq;p0q – Θpiq and Θp0q;pjq – Θpjq.
(2) Suppose i and j and both positive.
The finite CW complex GrpΘpiq;pjqq is isomorphic to GrpΘpiqq ˆ GrpΘpjqq. In particular,
Θpiq;pjq is an pi`jq-computad with a unique pi`jq-dimensional generator, which we call θi;j.
The inclusions
Grpspiqq ˆ id,Grptpiqq ˆ id : GrpΘpi´1qq ˆGrpΘpjqq ãÑ GrpΘpiqq ˆGrpΘpjqq
idˆGrpspjqq, id ˆGrptpjqq : GrpΘpiqq ˆGrpΘpj´1qq ãÑ GrpΘpiqq ˆGrpΘpjqq
lift to inclusions of computads:
s
piq
h , t
piq
h : Θ
pi´1q;pjq
ãÑ Θpiq;pjq
spjqv , t
pjq
v : Θ
piq;pj´1q
ãÑ Θpiq;pjq
In particular, the combined map s
piq
h \ t
piq
h \ s
pjq
v \ t
pjq
v : Θpi´1q;pjq \ Θpi´1q;pjq \ Θpiq;pj´1q \
Θpiq;pj´1q Ñ Θpiq;pjq is a surjection on pi ` j ´ 1q-skeleta and a bijection on the set of
pi ` j ´ 1q-dimensional generators, of which there are four: s
piq
h θi´1;j, t
piq
h θi´1;j, s
pjq
v θi,j´1,
and t
pjq
v θi,j´1.
The subscripts “h” and “v” stand for “horizontal” and “vertical.”
(3) Suppose i and j are both positive. The pi` jq-dimensional generator θi;j of Θ
piq;pjq is glued
onto the pi` j ´ 1q-skeleton as follows:
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i is odd: If i is odd, each of the pairs tt
pjq
v θi,j´1, s
piq
h θi´1;ju and tt
piq
h θi´1;j, s
pjq
v θi,j´1u is
composable up to whiskering by lower-dimensional generators, and their compositions
are parallel. The generator θi;j of Θ
piq;pjq has source t
pjq
v θi;j´1 ˝ s
piq
h θi´1;j and target
t
piq
h θi´1;j ˝ s
pjq
v θi;j´1.
i is even: If i is even, each of the pairs ts
pjq
v θi,j´1, s
piq
h θi´1;ju and tt
piq
h θi´1;j, t
pjq
v θi,j´1u is
composable up to whiskering by lower-dimensional generators, and their compositions
are parallel. The generator θi;j has source s
pjq
v θi;j´1 ˝ s
piq
h θi´1;j and target t
piq
h θi´1;j ˝
t
pjq
v θi;j´1.
The rule unifying the two cases of condition (3) is “θi;j always goes from shpθi´1;jq to thpθi´1;jq,
with whichever compositions are necessary” — the “horizontal” direction is always given preference.
By employing also the rule “omit things with negative sub- and superscripts,” comparison with
Definition 3.3 shows that condition (1) may be folded into condition (3).
Proof. Uniqueness is obvious, as condition (2) determines the pi ` j ´ 1q-skeleton of Θpiq;pjq and
condition (3) determines the pi ` jq-dimensional data. For existence, we must check three things:
first, that the inclusions asserted in condition (2) are compatible on double overlaps, so that they
do indeed define the pi` j´ 1q-skeleton of Θpiq;pjq; second, that the pairs asserted to be composable
in condition (3) are indeed composable; and, third, that their compositions are parallel, so that
the pi ` jq-dimensional generator θi;j may be attached. We work by induction in i and j. In the
remainder of the proof, we adopt the following convention: for sufficiently low i and j, some sub-
and superscripts might be negative, in which case the corresponding item is simply omitted.
Double overlaps. From the geometry of GrpΘpiqq ˆ GrpΘpjqq – GrpΘpiq;pjqq, we see that there
are eight double overlaps, each with the geometry of GrpΘpi
1qqˆGrpΘpj
1qq – GrpΘpi
1q;pj1qq for i1`j1 “
i`j´2. Indeed, in each case the double overlap asserts an equality of two a priori different inclusions
of Θpi
1q;pj1q, namely:
s
piq
h s
pi´1q
h Θ
pi´2q;pjq ” t
piq
h s
pi´1q
h Θ
pi´2q;pjq, s
piq
h t
pi´1q
h Θ
pi´2q;pjq ” t
piq
h t
pi´1q
h Θ
pi´2q;pjq,
spjqv s
pj´1q
v Θ
piq;pj´2q ” tpjqv s
pj´1q
v Θ
piq;pj´2q, tpjqv s
pj´1q
v Θ
piq;pj´2q ” tpjqv t
pj´1q
v Θ
piq;pj´2q,
s
piq
h s
pjq
v Θ
pi´1q;pj´1q ” spjqv s
piq
h Θ
pi´1q;pj´1q, s
piq
h t
pjq
v Θ
pi´1q;pj´1q ” tpjqv s
piq
h Θ
pi´1q;pj´1q,
t
piq
h s
pjq
v Θ
pi´1q;pj´1q ” spjqv t
piq
h Θ
pi´1q;pj´1q, t
piq
h t
pjq
v Θ
pi´1q;pj´1q ” tpjqv t
piq
h Θ
pi´1q;pj´1q.
Inspection guarantees that these inclusions do match.
Composability. We will describe the case when i is odd; we leave the completely analogous
even case to the reader. Then i ´ 1 is even, and by induction s
piq
h θi´1;j has as source and target,
respectively,
s
piq
h
´
spjqv pθi´1,j´1q ˝ s
pi´1q
h pθi´2;jq
¯
“ s
piq
h s
pjq
v θi´1,j´1 ˝ s
piq
h s
pi´1q
h θi´2;j,
s
piq
h
´
t
pi´1q
h pθi´2;jq ˝ t
pjq
v pθi´1;j´1q
¯
“ s
piq
h t
pi´1q
h θi´2;j ˝ s
piq
h t
pjq
v θi´1;j´1.
Similarly,
t
piq
h θi´1;j : t
piq
h s
pjq
v θi´1;j´1 ˝ t
piq
h s
pi´1q
h θi´2;j ñ t
piq
h t
pi´1q
h θi´2;j ˝ t
piq
h t
pjq
v θi´1;j´1
spjqv θi;j´1 : s
pjq
v t
pj´1q
v θi;j´2 ˝ s
pjq
v s
piq
h θi´1;j´1 ñ s
pjq
v t
piq
h θi´1;j´1 ˝ s
pjq
v s
pj´1q
v θi;j´2
tpjqv θi;j´1 : t
pjq
v t
pj´1q
v θi;j´2 ˝ t
pjq
v s
piq
h θi´1;j´1 ñ t
pjq
v t
piq
h θi´1;j´1 ˝ t
pjq
v s
pj´1q
v θi;j´2
Compare the target of s
piq
h θi´1;j with the source of t
pjq
v θi;j´1. The double overlaps imply that
s
piq
h t
pjq
v θi´1;j´1 “ t
pjq
v s
piq
h θi´1;j´1, and the cells s
piq
h t
pi´1q
h θi´2;j and t
pjq
v t
pj´1q
v θi;j´2 meet in dimension
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i` j ´ 4, as follows:
shthθi´2;j tvtvθi;j´2
shtvθi´1;j´1“
tvshθi´1;j´1
target of s
piq
h θi´1;j “
source of t
pjq
v θi;j´1 “
It follows that s
piq
h θi´1;j may be whiskered by t
pjq
v t
pj´1q
v θi;j´2 to produce an pi`j´2q-cell with target
the above triple composition. Similarly, the whiskering of t
pjq
v θi;j´1 by s
piq
h t
pi´1q
h θi´2;j has the above
composition as its source. Thus, up to these whiskerings, s
piq
h θi´1;j and t
pjq
v θi;j´1 are a composable:
t
pjq
v t
pj´1q
v θi;j´2˝s
piq
h s
pjq
v θi´1;j´1˝s
piq
h s
pi´1q
h θi´2;j s
piq
h t
pi´1q
h θi´2;j˝t
pjq
v t
piq
h θi´1;j´1˝t
pjq
v s
pj´1q
v θi;j´2
t
pjq
v θi,j´1˝s
piq
h θi´1;j
A similar analysis verifies that one may whisker s
pjq
v θi;j´1 by t
piq
h s
pi´1q
h θi´2;j to get an pi` j ´ 1q-
morphism which may be composed with the whiskering of t
piq
h θi´1;j by s
pjq
v s
j´1q
v θi;j´2:
s
pjq
v t
pj´1q
v θi;j´2˝s
pjq
v s
piq
h θi´1;j´1˝t
piq
h s
pi´1q
h θi´2;j t
piq
h t
pi´1q
h θi´2;j˝t
piq
h t
pjq
v θi´1;j´1˝s
pjq
v s
j´1q
v θi;j´2
t
piq
h θi´1;j˝s
pjq
v θi;j´1
Parallelism. Finally, we must check that these two compositions t
pjq
v θi,j´1 ˝ s
piq
h θi´1;j and
t
piq
h θi´1;j ˝ s
pjq
v θi;j´1 are parallel. This will follow from the double overlap identitifications. For
the sources of the two morphisms, we have
tpjqv t
pj´1q
v θi;j´2 “ s
pjq
v t
pj´1q
v θi;j´2,
s
piq
h s
pjq
v θi´1;j´1 “ s
pjq
v s
piq
h θi´1;j´1,
s
piq
h s
pi´1q
h θi´2;j “ t
piq
h s
pi´1q
h θi´2;j;
hence the sources of the two compositions agree. For the targets we have
s
piq
h t
pi´1q
h θi´2;j “ t
piq
h t
pi´1q
h θi´2;j,
tpjqv t
piq
h θi´1;j´1 “ t
piq
h t
pjq
v θi´1;j´1,
tpjqv s
pj´1q
v θi;j´2 “ s
pjq
v s
j´1q
v θi;j´2.
Thus t
pjq
v θi,j´1 ˝ s
piq
h θi´1;j and t
pjq
v θi,j´1 ˝ s
piq
h θi´1;j are parallel pi ` j ´ 1q-morphisms in BΘ
piq;pjq,
and θi;j : t
pjq
v θi,j´1 ˝ s
piq
h θi´1;j ñ t
pjq
v θi,j´1 ˝ s
piq
h θi´1;j may be defined, and the induction may be
continued. 
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Remark 3.6. Proposition 3.5 can be rephrased as saying that (for i, j ą 1) the skeleton BΘpiq;pjq
arises as a strict colimit:
BΘpiq;pjq “ colim
$’’’’’’’’’’’’’’’’’’’’’’’’’’’&’’’’’’’’’’’’’’’’’’’’’’’’’’’% Θpiq;pj´2q
Θpiq;pj´2q
Θpi´1q;pj´1q
Θpi´1q;pj´1q
Θpi´1q;pj´1q
Θpi´1q;pj´1q
Θpi´2q;pjq
Θpi´2q;pjq
Θpiq;pj´1q
Θpiq;pj´1q
Θpi´1q;pjq
Θpi´1q;pjq
,///////////////////////////.///////////////////////////-
Although the individual maps are inclusions, this is not a pushout along inclusions, because the
pi` j ´ 2q-computads in question overlap too much in dimension pi` j ´ 3q. So the above colimit
cannot be upgraded to a homotopy colimit without including skeleta at all dimensions. ♦
Definition 3.7. In the proof of Theorem 5.11, we will use the following two subcomputads of
BΘpiq;pjq. The horizontal skeleton BhΘ
piq;pjq of Θpiq;pjq consists of two copies of Θpi´1q;pjq glued along
two copies of Θpi´2q;pjq; its underlying CW complex is GrpBhΘ
piq;pjqq “ GrpBΘpiqq ˆ GrpΘpjqq. The
vertical skeleton BvΘ
piq;pjq consists of two copies of Θpiq;pj´1q glued along two copies of Θpiq;pj´2q.
4. Examples for small i and j
We will henceforth drop the superscripts piq and pjq from the maps sh, . . . , tv. In diagrams we will
sometimes drop θi;js; they can be filled in from the geometry of the diagram. It is worth working
out explicitly the walking i-by-j morphisms for low i and j.
Example 4.1. When j vanishes we get the walking i-morphism and when i vanishes we get the
walking j-morphism:
Θpiq;p0q “ Θpiq, Θp0q;pjq “ Θpjq. ♦
Example 4.2. Perhaps the most important example is Θp1q;p1q:
Θp1q;p1q “
$’’’’’’’&’’’’’’’%
svθ1;0
shθ0;1
tvθ1;0
thθ0;1θ1;1
,///////.///////-
♦
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Example 4.3. Raising j to 2 gives:
Θp1q;p2q “
$’’’’’’’’&’’’’’’’’%
shθ0;2
svθ1;1
thθ0;2θ1;2
tvθ1;1
,////////.////////-
The source of the 3-morphism θ1;2 is the left and front sides, and the target is the back and right.
Unfolding the left and right sides,
sh
tv
θ1;2 sv th
From above, the diagram looks like:
sv
sh
tv
θ1;2
th
Looking at the 2-morphisms and 3-morphism, this perspective makes clear that Θp1q;p2q has combi-
natorics similar to Θp1q;p1q. This is because i “ 1 is odd. ♦
Example 4.4. Fixing i “ 1 but letting j increase gives a sequence of analogous diagrams. For
example, Θp1q;p3q has the following four faces:
shsv
shtv
⇚sh ,
thsv
thtv
⇚ th ,
svsh
svsv
svth
sv
svtv
, tvsh
tvsv
tvth
tv
tvtv
These are glued together along tvtv “ svtv, tvsv “ svsv, svsh “ shsv, tvsh “ shtv, svth “ thsv, and
tvth “ thtv. With these gluings, the compositions tv ˝ sh and th ˝ sv make sense, and to complete
Θp1q;p3q we attach a generating 4-morphism θ1;3 : tv ˝ sh th ˝ sv. Note that this shows that again,
Θp1q;p3q has combinatorics similar to Θp1q;p1q:
sv
sh
tv
thθ1;3
♦
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Example 4.5. When i “ 2 the pattern changes, since 2 is even. The picture for Θp2q;p1q is:
shθ1;1
tvθ2;0
θ2;1
svθ2;0
thθ1;1
The 3-morphism θ2;1 goes from the composition of back and top to the composition of front and
bottom (the picture above has “folds” along the back/top edge and along the front/bottom edge,
obscuring slightly the composition; we unfold them below):
sv
sh θ2;1 th
tv
Here is a side view that puts sh on the left and th on the right: note that this shows the combinatorics
now have changed.
sh
tv
sv
θ2;1 th sh
sv
tv
θ2;1 th ♦
Example 4.6. As a final example, the walking 2-by-2-morphism Θp2q;p2q illustrates all the required
gluings of the general case. The 3-skeleton BΘp2q;p2q is covered by two copies of Θp1q;p2q,
shsh
shsv
shth
sh
shtv
, thsh
thsv
thth
th
thtv
,
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which are glued along shsh “ thsh and shth “ thth to make a solid torus, and two copies of Θ
p2q;p1q,
svsh
svtv
sv
svsv
svth
,
tvsh
tvtv
tv
tvsv
tvth
,
which are likewise glued into a solid torus along svsv “ tvsv and svtv “ tvtv. Finally, the two
tori are glued together to form a 3-sphere, by identifying the following copies of θ1;1: shsv “ svsh,
shtv “ tvsh, thsv “ svth, and thtv “ tvth. This 3-sphere decomposes into two composable 3-balls,
namely sv ˝ sh and th ˝ tv. Completing Θ
p2q;p2q is a 4-morphism θ2;2 : sv ˝ sh th ˝ tv filling in the
4-ball with boundary this glued-up 3-sphere:
svsh
θ2;2
tv
th
In spite of the distortions above, both sv ˝ sh and th ˝ tv are 3-morphisms with the same source and
target 2-morphisms:
⇛ “
$’’’’’’’&’’’’’’’%
,///////.///////-
Note that the combinatorics again are similar to the previous example:
tv
sh
sv
thθ2;2
♦
We end this section by recording a useful fact relating the computads Θ1,~‚ and Θ~‚;p1q defined in
Definition 5.1 and Definition 5.7. We will use this fact in the proof of Proposition 6.12.
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Lemma 4.7. For each i, there is a canonical equivalence
Θp0q;p0q
h
Y
Θpiq;p0q
Θpiq;p1q
h
Y
Θpiq;p0q
Θp0q;p0q » Θpi`1q “ Θ1,piq
compatible with (horizontal) source and target maps, where the two maps Θpiq;p0q Ñ Θpiq;p1q are the
inclusions sv, tv as the vertical source and target.
Proof. The combined map sv Y tv : Θ
piq;p0q Y Θpiq;p0q Ñ Θpiq;p1q is an inclusion, hence an injective-
fibration, so the homotopy pushout is equivalent to the corresponding strict pushout. We claim,
therefore, that there is an isomorphism of computads
Θp0q;p0q Y
Θpiq;p0q
Θpiq;p1q Y
Θpiq;p0q
Θp0q;p0q – Θpi`1q
intertwining sh with s : Θ
piq Ñ Θpi`1q and th with t : Θ
piq Ñ Θpi`1q. This follows from induction in
i and the description of Θpiq;p1q in Proposition 3.5:
¨˚
˝ svθi;0 “ ‹˛‚K shθi´1;1
tvθi;0
θi;1
svθi;0
thθi´1;1
O¨˚˝ tvθi;0 “ ‹˛‚“
shθi´1;1
thθi´1;1
θi;1
Note in particular that the pi` 1q-dimensional cell θi;1 P Θ
piq;p1q goes from shθi´1;1 to thθi´1;1. 
Remark 4.8. There is also an equivalence Θp0q;p0q Yh
Θp0q;pjq
Θp1q;pjq Yh
Θp0q;pjq
Θp0q;p0q » Θpj`1q, but it
is not compatible with source and target maps. More precisely, it intertwines sv with s and tv with
t when j is even, but exchanges them when j is odd. ♦
5. The (op)lax square construction
The walking i-by-j-morphisms Θpiq;pjq have an immediate generalization to walking ~k-by-~l-tuples
Θ
~k;~l thereof, which we will describe in Definition 5.7. These computads will package into a 2n-
fold cosimplicial category Θ~‚;~‚. Given a complete n-fold Segal space C, we will define the 2n-fold
simplicial space Cl
~‚;~‚ “ maps
hpΘ~‚;~‚, Cq. Thus defined, we will prove in Theorem 5.11 that Cl satisfies
the axioms of a complete n-fold Segal objects internal to complete n-fold Segal spaces.
We first generalize the walking i-morphisms to walking tuples:
Definition 5.1. Let ~k P Ni be an i-tuple of strictly positive integers. The walking ~k-tuple of
composable i-morphisms Θ
~k is the i-computad defined as follows.
‚ First, when ~k “ piq consists entirely of 1s, we set Θ
~k “ Θpiq as defined in Definition 3.3.
‚ Suppose now that only the last entry ki in ~k is not 1. Recall that there are two inclusions
spiq, tpiq : Θpi´1q Ñ Θpiq. We set
Θ
~k “ Θpi´1q,ki “ Θpiq Y
Θpi´1q
Θpiq Y
Θpi´1q
. . . Y
Θpi´1q
Θpiq
ki times
where all leftward inclusions are along tpiq and all rightward inclusions are along spiq, and
the pushouts are of computads, or equivalently of strict higher categories.
24 THEO JOHNSON-FREYD AND CLAUDIA SCHEIMBAUER
‚ Let ~k P Nią0. For each i
1 P t1, . . . , iu, there are two inclusions spi
1q, tpi
1q : Θpi
1´1q Ñ Θpiq “
Θpi
1q,1,...,1. By induction, assume that we have defined Θpi
1q,ki1`1,...,ki and two inclusions,
which by abuse of notation we also denote by spi
1q, tpi
1q : Θpi
1´1q Ñ Θpi
1q,ki1`1,...,ki. Then we
set
Θpi
1´1q,ki1 ,ki1`1,...,ki “ Θpi
1q,ki1`1,...,ki Y
Θpi1´1q
Θpi
1q,ki1`1,...,ki Y
Θpi1´1q
. . . Y
Θpi1´1q
Θpi
1q,ki1`1,...,ki
ki1 times
where all leftward inclusions are along tpi
1q and all rightward inclusions are along spi
1q.
‚ For ~k P Ni with some vanishing entries, we set Θk1,...,ki1´1,0,ki1`1,... “ Θk1,...,ki1´1.
Note that for arbitrary ~k P Ni, the i-cells in Θ
~k naturally form a k1 ˆ ¨ ¨ ¨ ˆ ki grid.
Lemma 5.2. The pushouts in Definition 5.1 are homotopy pushouts.
Proof. We have Θpi
1´1q,ki1`1,ki1`1,...,ki » Θpi
1´1q,ki1 ,ki1`1,...,ki YΘpi1´1q Θ
pi1q,ki1`1,...,ki . But by the in-
duction step above, the map spi
1q : Θpi
1´1q Ñ Θpi
1q,ki1`1,...,ki is an inclusion, and so this last
pushout is equivalent to the corresponding homotopy pushout. By induction, Θpi
1´1q,ki1`1,ki1`1,...,ki »
Θpi
1q,ki1`1,...,ki Yh
Θpi1´1q
¨ ¨ ¨ Yh
Θpi1q
Θpi
1q,ki1`1,...,ki . 
Remark 5.3. The nerve construction does not take pushouts of strict higher categories to pushouts
of simplicial sets. Rather, the nerve of the pushout is built from the pushout of the nerve by attaching
higher-dimensional uple-simplices as necessary to ensure the Segal condition. In particular, the
difference between the nerve of the pushout and the pushout of the nerve is invisible to the functor
mapshp´, Cq for any complete n-fold Segal space C. In the language of model categories, the nerve
of the pushout and the pushout of the nerve are equivalent, but only the former is fibrant. ♦
Some early examples of walking tuples of 2-morphisms are:
Θ2,1 “
# +
, Θ1,2 “
$’’’&’’’%
,///.///-
Remark 5.4. Set i “ n and let C be a complete n-fold Segal space. The walking tuples of
composable n-morphisms are designed to know everything about C: there are canonical homotopy
equivalences
C~k – maps
hpΘ
~k, Cq
and the face and degeneracy maps are pullbacks along the canonical functors between strict n-
categories Θ
~k.
Furthermore, if C is a (complete) n-uple Segal space, then
~k ÞÑ mapshpΘ
~k, Cq
is a (complete) n-fold Segal space, the underlying n-fold Segal space of C. ♦
Remark 5.5. It is worth emphasizing that (the nerves of) the computads Θ
~k in general are
not projectively cofibrant as n-fold simplicial spaces, and so to define the derived mapping space
mapshpΘ
~k, Cq one must either apply a projective-cofibrant resolution functor to Θ or an injective-
fibrant resolution functor to C. See Lemma 2.10, Remark 3.4, and Example 5.13. ♦
Remark 5.6. The computads Θ
~k are among the objects of Joyal’s category Θn [Joy97, Rez10],
which contains more generally the computads that can be built by gluing walking morphisms Θpiq
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together end-to-end. For example, the following 3-computad is in Joyal’s Θ3, but is not one of
our Θ
~ks:
⇛
Our story applies just as well to these more complicated computads, but the notation would be
more involved. We would use them if we were modeling p8, nq-categories by a version of Rezk’s
complete Segal Θn-spaces rather than a version of Barwick’s complete n-fold Segal spaces. ♦
A generalization of Definition 5.1 defines tuples of walking i-by-j morphisms by similarly gluing
the walking i-by-j morphisms together in a grid.
Recall that for i, j ą 0 and i1 ď i, j1 ď j, there are inclusions s
pi1q
h , t
pi1q
h : Θ
pi1´1q;pjq Ñ Θpiq;pjq and
s
pj1q
v , t
pj1q
v : Θpiq;pj
1´1q Ñ Θpiq;pjq.
Definition 5.7. Let ~k,~l P Ni. The walking ~k-by-~l-tuple of composable oplax i-by-j-morphisms is
the computad Θ
~k;~l defined as follows:
‚ If ~k “ 0, we define Θ
~k;~l “ Θ
~l. If ~l “ 0, we define Θ
~k;~l “ Θ
~k.
‚ If ~k “ piq and ~l “ pjq, set Θ
~k;~l “ Θpiq;pjq.
‚ For ~k,~l P Nią0, define by induction over i
1, respectively j1, from top to bottom with base case
i1 “ i, respectively j “ j1,
Θpi
1´1q,ki1 ,...,ki;pjq “ Θpi
1q,ki1`1,...,ki;pjq Y
Θpi1´1q;pjq
. . . Y
Θpi1´1q;pjq
Θpi
1q,ki1`1,...,ki;pjq
ki1 times
,
Θpiq;pj
1´1q,lj1 ,...,lj “ Θpiq;pj
1q,lj1`1,...,lj Y
Θpiq;pj1´1q
. . . Y
Θpiq;pj1´1q
Θpiq;pj
1q,lj1`1,...,lj
lj1 times
.
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‚ By combining the two gluing steps above, again by induction over i1 and j1, define
Θpi
1´1q,ki1 ,...;pj
1´1q,lj1 ,...
“ colim
¨˚
˚˚˚˚
˚˚˚˚
˚˝
Θpi
1q,ki1`1,...;pj
1q,lj1`1,...
Θpi
1q,ki1`1,...;pj
1´1q
¨ ¨ ¨
Θpi
1q,ki1`1,...;pj
1q,lj1`1,...
Θpi
1´1q;pj1q,lj1`1,...
Θpi
1´1q;pj1´1q
¨ ¨ ¨
Θpi
1´1q;pj1q,lj1`1,...
¨ ¨ ¨
¨ ¨ ¨
¨ ¨ ¨
Θpi
1q,ki1`1,...;pj
1q,lj1`1,...
Θpi
1q,ki1`1,...;pj
1´1q
¨ ¨ ¨
Θpi
1q,ki1`1,...;pj
1q,lj1`1,...
‹˛‹‹‹‹‹‹‹‹‹‚
» Θpi
1q,ki1`1,...;pj
1´1q,lj1 ,... Y
Θ
pi1´1q;pj1´1q,l
j1 ,...
. . . Y
Θ
pi1´1q;pj1´1q,l
j1 ,...
Θpi
1q,ki1`1,...;pj
1´1q,lj1 ,...
ki1 times
» Θpi
1´1q,ki1 ,...;pj
1q,lj1`1,... Y
Θpi
1´1q,k
i1 ,...;pj
1´1q
. . . Y
Θpi
1´1q,k
i1 ,...;pj
1´1q
Θpi
1´1q,ki1 ,...;pj
1q,lj1`1,...
lj1 times
‚ Finally, if any ki1 or lj1 vanishes, we truncate: Θ
k1,...,ki1´1,0,ki1`1,...;
~l “ Θk1,...,ki1´1;
~l and
Θ
~k;l1,...,lj1´1,0,lj1`1,... “ Θ
~k;l1,...,lj1´1 .
Just as in Lemma 5.2, enough of the maps involved in the colimits are inclusions, and so an
induction argument shows:
Lemma 5.8. The pushouts presenting Θ
~k;~l are homotopy pushouts. l
Remark 5.9. At the level of underlying CW complexes, we have GrpΘ
~k;~lq – GrpΘ
~kq ˆGrpΘ
~lq. ♦
The computads Θ~‚;~‚ are together “2n-fold cosimplicial,” i.e. cosimplicial in each index, by map-
ping the cells of one computad to compositions of cells of another computad.
Definition 5.10. Let C be a complete n-uple Segal space. Its (op)lax square Cl is the 2n-fold
simplicial space
C
l
~‚;~‚ “ maps
hpΘ~‚;~‚, Cq.
Theorem 5.11. For any complete n-fold Segal space C, the 2n-fold simplicial space Cl from
Definition 5.10 is a complete n-fold Segal object internal to complete n-fold Segal spaces.
Proof. There are three conditions to check: essential constancy, the Segal condition, and complete-
ness. Only the third condition is not an immediate consequence of the construction of Θ~‚;~‚.
Essential constancy. We must verify that the degeneracy maps
C
l
k1,...,ki´1,0,0,...;~l
Ñ Cl
k1,...,ki´1,0,ki`1,...;~l
and Cl
~k;l1,...,lj´1,0,0,...
Ñ Cl
~k;l1,...,lj´1,0,lj`1,...
are homotopy equivalences. This follows from the equalities Θk1,...,ki´1,0,ki`1,...;
~l “ Θk1,...,ki´1,0,0,...;
~l
and Θ
~k;l1,...,lj´1,0,lj`1,... “ Θ
~k;l1,...,lj´1,0,0,....
Segal condition. Since colimits commute, we have isomorphisms
Θk1,...,ki´1,ki,ki`1,...;
~l – Θk1,...,ki´1,1,ki`1,...;
~l Y
Θk1,...,ki´1,0;
~l
. . . Y
Θk1,...,ki´1,0;
~l
Θk1,...,ki´1,1,ki`1,...;
~l,
Θ
~k;l1,...,lj´1,lj ,lj`1,... – Θ
~k;l1,...,lj´1,1,lj`1,... Y
Θ
~k;l1,...,lj´1,0
. . . Y
Θ
~k;l1,...,lj´1,0
Θ
~k;l1,...,lj´1,1,lj`1,....
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Just as in Lemmas 5.2 and 5.8, these pushouts are also homotopy pushouts. Indeed, we have
Θk1,...,ki´1,ki,ki`1,...;
~l – Θk1,...,ki´1,ki´1,ki`1,...;
~l Y
Θk1,...,ki´1,0;
~l
Θk1,...,ki´1,1,ki`1,...;
~l,
Θ
~k;l1,...,lj´1,lj ,lj`1,... – Θ
~k;l1,...,lj´1,lj´1,lj`1,... Y
Θ
~k;l1,...,lj´1,0
Θ
~k;l1,...,lj´1,1,lj`1,...,
but the maps Θk1,...,ki´1,0;
~l Ñ Θk1,...,ki´1,1,ki`1,...;
~l and Θ
~k;l1,...,lj´1,0 Ñ Θ
~k;l1,...,lj´1,1,lj`1,... are inclu-
sions, and so
Θk1,...,ki´1,ki,ki`1,...;
~l » Θk1,...,ki´1,ki´1,ki`1,...;
~l hY
Θk1,...,ki´1,0;
~l
Θk1,...,ki´1,1,ki`1,...;
~l,
Θ
~k;l1,...,lj´1,lj ,lj`1,... » Θ
~k;l1,...,lj´1,lj´1,lj`1,... hY
Θ
~k;l1,...,lj´1,0
Θ
~k;l1,...,lj´1,1,lj`1,....
The Segal condition follows, since mapshp´, Cq turns homotopy colimits into homotopy limits.
Completeness. By Lemma 2.8, essential constancy, and the Segal condition, it suffices to show
that Clpiq;pjq,‚,0,... and C
l
piq,‚,0,...;pjq are complete. We will check the former; the latter is completely
analogous. We wish to show that the map Clpiq;pjq Ñ C
l
piq;pjq,inv is a homotopy equivalence. As in
Definition 2.3, for a Segal space D‚, we write Dinv for what is usually called D
inv
1 . For example,
C
l
piq;pjq,inv
denotes the subspace of Cl
piq;pjq,1
“ Cl
piq;pj`1q
of elements that represent invertible morphisms
in h1pC
l
piq;pjq,‚q. As in the proof of Lemma 2.5, it is a union of connected components of C
l
piq;pj`1q.
We proceed by induction on i. For i “ 0, by definition Clpiq;pjq,‚,0,... “ C
l
pjq,‚,0,... “ Cpjq,‚,0,..., which
is complete since C is complete. For i ą 0, as usual let sh, th : C
l
piq;pj`1q Ñ C
l
pi´1q;pj`1q denote the
source and target maps in the ith direction. They restrict to maps Clpiq;pjq,inv Ñ C
l
pi´1q;pjq,inv. By
induction, Clpi´1q;pjq,inv » C
l
pi´1q;pjq consists just of identities.
Note that, since source and target of a map are themselves parallel, we can consider the pair
psh, thq as mapping
C
l
piq;pj`1q
Ñ Cl
Bhpiq;pj`1q
:“ mapsh
`
BhΘ
piq;pj`1q, C
˘
,
where BhΘ
piq;pj`1q is the “horizontal skeleton” of Θpiq;pj`1q from Definition 3.7. By working more
generally with the Segal space ClBhpiq;pjq,‚ “ maps
h
`
BhΘ
piq;pjq,‚,0,..., C
˘
, one sees that ClBhpiq;pj`1q is the
space of one-morphisms of this Segal space, and the image of Clpiq;pjq,inv Ă C
l
piq;pj`1q therein lands in
the invertible elements ClBhpiq;pjq,inv.
Since BhΘ
piq;pj`1q consists of two copies of Θpi´1q;pj`1q glued along two copies of Θpi´2q;pj`1q, the
induction hypothesis implies that ClBhpiq;pjq,inv » C
l
Bhpiq;pjq,0
consists just of identities.
We find therefore
C
l
piq;pjq,inv
» Cl
piq;pjq,inv
h
ˆ
C
l
Bhpiq;pjq,inv
C
l
Bhpiq;pjq,inv
» Clpiq;pjq,inv
h
ˆ
C
l
Bhpiq;pjq,inv
C
l
Bhpiq;pjq
.
The right-hand side is the subspace of
Ď mapsh
ˆ
Θpiq;pj`1q
h
Y
BhΘpiq;pj`1q
BhΘ
piq;pjq, C
˙
consisting of those things that are invertible for composition in the last direction.
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The map BhΘ
piq;pj`1q Ñ Θpiq;pj`1q is an inclusion, hence an injective-fibration, and so the ho-
motopy pushout Θpiq;pj`1q Yh
BhΘpiq;pj`1q
BhΘ
piq;pjq is a cofibrant replacement of the strict pushout
Θpiq;pj`1q YBhΘpiq;pj`1q BhΘ
piq;pjq. But this strict pushout consists of two copies of Θpiq;pjq glued along
BΘpiq;pjq, and filled in by an pi` j`1q-morphism. It is that pi` j`1q-morphism which is invertible.
Completeness of C in the pi` j ` 1qth direction implies that it can be contracted out, from which
we conclude Cl
piq;pjq,inv
» Cl
piq;pjq
. 
Remark 5.12. Here is the cartoon of our argument for completeness, when i “ j “ 1. The first
(i.e. ith) direction is drawn from left to right and the last direction is drawn vertically. Suppose that
is invertible for vertical composition. Then the horizontal skeleton is
invertible for vertical composition, and hence an identity by induction: » .
But then » is just an pi` j ` 1q-morphism connecting some
pi ` jq-morphisms whose sources and targets have been factored in some way, and is invertible in
the pi` jqth direction. It is therefore an identity. ♦
Example 5.13. Perhaps the most important example is the space Clp1q;p1q “ maps
hpΘp1q;p1q, Cq. The
computad Θp1q;p1q is a strict 2-category, and so its nerve is a 2-fold simplicial set, with the following
nondegenerate simplices:
In particular, there are four p0, 0q-simplices, six nondegenerate p1, 0q-simplices, two nondegenerate
p2, 0q-simplices, no nondegenerate p0, 1q-simplices, and one non-degenerate p1, 1q-simplex.
This simplicial set is not projective-cofibrant as a 2-fold simplicial space (compare Remark 3.2),
and so the derived mapping space mapshpΘp1q;p1q, Cq cannot be computed as the (simplicially-
enriched) strict mapping space, unless C happens to be injective-fibrant as an n-fold simplicial
space. But the above picture can be interpreted as a pushout of multi-simplices, each of which is
projective-cofibrant, along injective-cofibrations; therefore a cofibrant replacement of Θp1q;p1q can be
constructed by interpreting the picture instead as a homotopy colimit, just as in Remark 3.2, with
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the bigon handled as in Remark 3.4. One finds:
C
l
p1q;p1q “ holim
¨˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˝
C0
C0
C0
C0
C1
C1
C1
C1
C1
C1
C1,1C0,1 C0,1
C2
C2
„ „
‹˛‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚
» C2
h
ˆ
C1
C1,1
h
ˆ
C1
C2.
Recall that our convention is to drop trailing 0s; for example C2 “ C2,0,0,.... The maps C1,~‚ Ñ C0,~‚
that point leftwards are source maps in the first direction; the rightward pointing ones are target
maps. The maps C2 Ñ C1 are, from left to right, the first, middle, and last face maps. The upward
map C1,1 Ñ C1 is the source in the second direction; the downward pointing map is the target.
Finally, the maps C0 Ñ C0,1 are homotopy equivalences by essential constancy. ♦
Since we will use the following notation repeatedly from now on, it is worth formulating it as a
definition.
Definition 5.14. Given an p8, nq-category C, i.e. a complete n-fold Segal space, we will use the
notations
C
l
~‚;p1q “ C
Ó
~‚ and C
l
p1q;~‚ “ C
Ñ
~‚
for the p8, nq-categories of lax and oplax arrows, respectively. As in the introduction, we will write
rΘp1q, Cs for the p8, nq-category of “strong arrows” defined by the universal property
mapshpB, rΘp1q, Csq » mapshpB ˆh Θp1q, Cq.
More generally, for ˚ “ “lax”, “oplax”, or “strong”, and for ~k P Nn, we have an p8, nq-category
C
f
~k
defined by
`
C
f
~k ~˘‚
“
$’’&’’%
C
l
~‚;~k
, ˚ “ lax,
C
l
~k;~‚
, ˚ “ oplax,
rΘ
~k, Cs~‚, ˚ “ strong.
For fixed ~k, all three p8, nq-categories C lax
~k
, C
oplax
~k
, and C
strong
~k
have the same objects, but they have
different morphisms.
Remark 5.15. Theorem 5.11 asserts that for fixed ~k, the n-fold simplicial spaces C lax
~k
and C
oplax
~k
are p8, nq-categories, and moreover that ~k ÞÑ C lax
~k
and ~k ÞÑ C
oplax
~k
are complete n-fold Segal objects
among p8, nq-categories. That ~k ÞÑ C
strong
~k
is a complete n-fold Segal object among p8, nq-categories
follows from a similar, somewhat easier argument. ♦
Now we have all ingredients to recall the definition of (op)lax natural transformations between
strong functors given in the introduction in Definition 1.3.
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Definition 5.16. Let B and C be p8, nq-categories and F,G : B Ñ C strong functors. A lax
transformation η : F ñ G is a strong functor η : B Ñ CÓ such that sv ˝ η “ F and tv ˝ η “ G. An
oplax transformation η : F ñ G is a strong functor η : B Ñ CÑ such that sh ˝η “ F and th ˝η “ G.
Example 5.17. An (op)lax transformation η : F ñ G in particular assigns the following:
lax oplax
object B P Bp0q ηpBq : F pBq Ñ GpBq ηpBq : F pBq Ñ GpBq
1-morphism tB1
b
Ñ B2u P Bp1q
F pB1q F pbq F pB2q
ηpB1q
GpB1q Gpbq GpB2q
ηpB2q
ηpbq
F pB1q ηpB1q GpB1q
F pbq
F pB2q ηpB2q GpB2q
Gpbq
ηpbq
2-morphism B1 B2
b1
b2
β
P Bp2q
F pB1q F pB2q
GpB1q GpB2q
ηpB1q ηpB2q
ηpb1q
Gpβq
ηpβq
F pβq
ηpb2q
F pβq
ηpb1q
Gpβq
F pB1q ηpB1q GpB1q
F pB2q ηpB2q GpB2q
ηpβq
ηpb2q
For comparison, in a strong transformation, i.e. a strong functor B Ñ rΘp1q, Cs, the “bulk” mor-
phisms ηpbq, ηpb1q, ηpb2q, and ηpβq are required to be invertible. ♦
Using the full oplax square provides definitions of (op)lax higher transfors:
Definition 5.18. Let B and C be p8, nq-categories and let k ą 1.
(1) An (op)lax 1-transfor is an (op)lax natural transformation between strong functors.
(2) A lax k-transfor is a strong functor η : B Ñ C laxpkq “ C
l
~‚;pkq. Its source and target are the lax
pk ´ 1q-transfors sv ˝ η and tv ˝ η.
(3) An oplax k-transfor is a strong functor η : B Ñ C
oplax
pkq
“ Cl
pkq;~‚
. Its source and target are
the oplax pk ´ 1q-transfors sh ˝ η and th ˝ η.
Corollary 5.19. Let B and C be complete n-fold Segal spaces. The n-fold simplicial spaces
~k ÞÑ FunlaxpB, Cq~k :“ maps
hpB, C lax~k
q, and
~k ÞÑ FunoplaxpB, Cq~k :“ maps
hpB, C
oplax
~k
q
are complete n-fold Segal spaces, i.e. p8, nq-categories, which depend naturally on the choices of B
and C.
Proof. It suffices to observe that mapshpB,´q preserves weak equivalences and homotopy fiber
products. Naturality in B is manifest, and naturality in C is clear once it is observed that Cl
~‚;~‚ “
mapshpΘ~‚;~‚, Cq depends naturally in C. 
By definition unpacking, ~k ÞÑ FunstrongpB, Cq~k :“ maps
hpB, C
strong
~k
q is nothing but the complete n-
fold Segal space ~k ÞÑ rB, Cs~k satisfying the universal property maps
hpX , rB, Csq » mapshpX ˆhB, Cq.
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Remark 5.20. Note that the space of objects of each of the p8, nq-categories Fun˚pB, Cq, for ˚ “
“lax”, “oplax”, or “strong”, is the space mapshpB, Cq – mapshpB, Cfp0qq, i.e. the space of (strong)
functors B Ñ C. Their spaces of 1-morphisms are the spaces of lax, oplax, or strong natural trans-
formations between functors. The remainder of the p8, nq-categories ~k ÞÑ mapshpB, Cf
~k
q, for ˚ “
“lax”, “oplax”, or “strong”, implements composition of lax/oplax/strong natural transformations
as well as the higher transfors discussed in Definition 5.18. ♦
6. Symmetric monoidal structures
In this section we prove in Proposition 6.5 that if C is symmetric monoidal than so are C lax
~‚
and C
oplax
~‚ . This allows us to present in Definition 6.8 the notion of “symmetric monoidal (op)lax
natural transformation between symmetric monoidal functors.” We then recall the “based loop
p8, n´ 1q-category” ΩC “ EndCp1q of a symmetric monoidal p8, nq, where 1 denotes the monoidal
unit in C, and identify it in Proposition 6.12 with the category of lax arrows from 1 to 1. We will
use this result in Section 7 to identify lax trivially-twisted and untwisted quantum field theories.
We begin by recalling the definition of “symmetric monoidal complete n-fold Segal space”:
Definition 6.1. The category Fin˚ is the category whose objects are the pointed (at 0) sets
rks “ t0, . . . , ku,
for every k ě 0 and morphisms are pointed functions, i.e. functions sending 0 ÞÑ 0. In particular,
for each k, there are k canonical morphisms
γi : rks ÝÑ r1s, 0 ă i ď k,
such that γipjq “ δij , called the Segal morphisms.
Remark 6.2. In [Seg74], Segal defined the category Γ to be the opposite of Fin˚, although many
modern authors use the name Γ for Fin˚ instead of Fin
op
˚ . Segal set Γ “ Fin
op
˚ in analogy with the
category ∆ of simplices, which allows to interpret his “Γ-spaces” as simplicial spaces by composition
with the obvious covariant functor ∆Ñ Finop˚ . In this analogy, the Segal morphisms correspond to
the k standard inclusions r1s Ñ rks in ∆. ♦
Definition 6.3. A symmetric monoidal complete n-fold Segal space is a strict functor Cb from
Fin˚ to the strict category of complete n-fold Segal spaces satisfying the following Segal condition:
for each rms, the map
mź
i“1
γi : C
brms~‚ ÝÑ
mź
i“1
C
br1s~‚
is a weak equivalence of complete n-fold Segal spaces. (In both the projective and injective model
structures this boils down to levelwise weak equivalences of spaces — note that the product on the
right hand side is computed levelwise).
Remark 6.4. We should define a symmetric monoidal complete n-fold Segal space to be an p8, 1q-
functor of p8, 1q-categories from Fin˚ to the p8, 1q-category of complete n-fold Segal spaces. How-
ever, by the strictification theorem of Toe¨n-Vezzosi (Proposition 4.2.1 in [TV02]) which in the setting
of complete Segal spaces can be found in [Rez01, Section 8.9], any such functor can be represented
by a strict functor. ♦
Homomorphisms of symmetric monoidal complete n-fold Segal spaces are natural transforma-
tions of functors (in the strict sense). Symmetric monoidal complete n-fold Segal spaces are the
fibrant objects of a model structure on the category of functors Fin˚ ˆ p∆
opqˆn Ñ sSet defined
in Example A.11. Its equivalences are homomorphisms that are levelwise equivalences. A version
of Lemma 2.10 holds for symmetric monoidal complete n-fold Segal spaces considered as functors
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Fin˚ ˆ p∆
opqˆn Ñ sSet. In particular, one can define derived mapping spaces mapshbpB
b, Cbq be-
tween symmetric monoidal complete n-fold Segal spaces Bb and Cb by either cofibrantly resolving
Bb in the projective model structure on functors Fin˚ ˆ p∆
opqˆn Ñ sSet or by fibrantly resolving
Cb in the injective model structure.
Given a complete n-fold Segal space C, we will say that C has a symmetric monoidal structure if
a symmetric monoidal complete n-fold Segal space Cb is given with Cbr1s “ C. We will henceforth
abuse notation slightly, writing “C” both for a symmetric monoidal complete n-fold Segal space and
for its underlying complete n-fold Segal space Cbr1s; we will also shorten notation to Crms :“ Cbrms.
Derived mapping spaces of underlying n-fold complete Segal spaces will be denoted mapshp´,´q;
for the derived mapping spaces of symmetric monoidal n-fold complete Segal spaces, we will write
mapshb.
We can now make sense of the term “symmetric monoidal (op)lax natural transformation.”
Proposition 6.5. The (op)lax square of a symmetric monoidal complete n-fold Segal space Cb is
symmetric monoidal in each component, i.e. for any ~k, the assignments
C
lax
~k
rms :“ pCrmsq lax
~k
and C
oplax
~k
rms :“ pCrmsq
oplax
~k
endow C lax
~k
and C
oplax
~k
with symmetric monoidal structures.
Proof. Define Clrms~‚;~‚ :“ pCrmsq
l
~‚;~‚ “ maps
hpΘ~‚;~‚, Crmsq; since derived mapping spaces are functo-
rial, this depends functorially on rms P Fin˚. We have only to check that
ś
γi : maps
hpΘ
~k;~l, Crmsq Ñ
mapshpΘ
~k;~l, Cr1sqˆm is a weak equivalence for each ~k,~l, which indeed holds with Θ
~k;~l replaced by
any complete n-fold Segal space. 
Remark 6.6. Note that we also have a strong variant: if C is symmetric monoidal, then C
strong
~k
rms :“
pCrmsq
strong
~k
“ rΘ
~k, Crmss defines a symmetric monoidal structure on C
strong
~k
. ♦
In particular CÓ “ C laxp1q and C
Ñ “ C
oplax
p1q are symmetric monoidal complete n-fold Segal spaces if
C is, and the structure maps sv, th : C
Ó Ñ C and sh, th : C
Ñ Ñ C are homomorphisms of symmetric
monoidal complete n-fold Segal spaces.
Definition 6.7. Let B and C be symmetric monoidal complete n-fold Segal spaces. Given symmetric
monoidal functors F,G P mapshbpB, Cq, the space of symmetric monoidal lax transformations from
F to G is the fibered product
LaxbpF,Gq “ tF u
h
ˆ
mapshbpB,Cq
mapshbpB, C
Óq
h
ˆ
mapshbpB,Cq
tGu,
where the two maps mapshbpB, C
Óq Ñ mapshbpB, Cq are given by composition with sv, tv : C
Ó Ñ C.
The space of symmetric monoidal oplax transformations from F to G is
OplaxbpF,Gq “ tF u
h
ˆ
mapshbpB,Cq
mapshbpB, C
Ñq
h
ˆ
mapshbpB,Cq
tGu,
where the two maps mapshbpB, C
Ñq Ñ mapshbpB, Cq are given by composition with sh, th : C
Ñ Ñ C.
Using the full (op)lax square we obtain the symmetric monoidal versions of higher transfors.
Definition 6.8. Let B and C be symmetric monoidal p8, nq-categories and let k ą 1.
(1) A symmetric monoidal (op)lax 1-transfor is a symmetric monoidal (op)lax natural transfor-
mation between symmetric monoidal strong functors.
(2) A symmetric monoidal lax k-transfor is a symmetric monoidal strong functor η : B Ñ C laxpkq .
Its source and target are the symmetric monoidal lax pk ´ 1q-transfors sv ˝ η and tv ˝ η.
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(3) A symmetric monoidal oplax k-transfor is a symmetric monoidal strong functor η : B Ñ
C
oplax
pkq
. Its source and target are the symmetric monoidal oplax pk ´ 1q-transfors sh ˝ η and
th ˝ η.
This allows for the symmetric monoidal version of Corollary 5.19:
Corollary 6.9. Let B and C be symmetric monoidal complete n-fold Segal spaces. The n-fold
simplicial spaces
~k ÞÑ Funlaxb pB, Cq~k :“ maps
h
bpB, C
lax
~k
q, and
~k ÞÑ Funoplaxb pB, Cq~k :“ maps
h
bpB~‚, C
oplax
~k
q
are complete n-fold Segal spaces which depend naturally on the choices of B and C.
We end this section by studying the special case of symmetric monoidal (op)lax natural natural
endomorphisms of the “trivial” symmetric monoidal functor B Ñ C whose constant value is the
monoidal unit 1 P C (or a higher identity morphism thereon).
Definition 6.10. The Segal condition for m “ 0 in Definition 6.3 gives an equivalence of complete
n-fold Segal spaces
Cr0s » ˚.
The map 1 : ˚ » Cr0s Ñ Cr1s picks out the unit.
We make the contractible space Cr0s into a symmetric monoidal complete n-fold Segal space
by declaring Cr0srms “ Cr0s; the Segal condition follows from contractibility. Then the unit map
1 : Cr0s Ñ Cr1s is in fact symmetric monoidal.
Let B and C be symmetric monoidal complete n-fold Segal spaces. Since Cr0s is contractible, so
too is mapshbpB, Cr0sq. The trivial symmetric monoidal functor from B to C is picked out by the
map 1 : ˚ » mapshbpB, Cr0sq Ñ maps
h
bpB, Cq.
Lemma A.6 implies that homotopy fibered products of symmetric monoidal complete n-fold Segal
spaces can be computed levelwise: pX ˆhY Zqrms~k » X rms~k ˆ
h
Yrms~k
Zrms~k. Abbreviating C
1Ó1 “
Cr0s ˆhC C
Ó ˆhC Cr0s and C
1Ñ1 “ Cr0s ˆhC C
Ñ ˆhC Cr0s, it follows that:
Laxbp1,1q » maps
h
b
ˆ
B, Cr0s
h
ˆ
C
C
Ó hˆ
C
Cr0s
˙
“ mapshb
`
B, C1Ó1
˘
.
Oplaxbp1,1q » maps
h
b
ˆ
B, Cr0s
h
ˆ
C
CÑ
h
ˆ
C
Cr0s
˙
“ mapshb
`
B, C1Ñ1
˘
.
The objects of both C1Ó1 and C1Ñ1 are the 1-morphisms in C with source and target 1 P C. There is
also an p8, n´ 1q-category with this property: the “based loop category” ΩC of endomorphisms of
1 P C. The based loop category ΩC is an example of the general phenomenon that complete n-fold
Segal spaces are “enriched” in complete pn´ 1q-fold Segal spaces:
Definition 6.11. Let C “ C~‚ be a complete n-fold Segal space. For any objects X,Y P Cp0q, the
hom category CpX,Y q is the complete pn´ 1q-fold Segal space
CpX,Y q~‚ “ tXu
h
ˆ
C0,~‚
C1,~‚
h
ˆ
C0,~‚
tY u
where the two maps C1,~‚ Ñ C0,~‚ are the source and target maps in the first direction, and tXu (resp.
tY u) denotes the constant complete n-fold Segal space tXu~‚ “ tXu (resp. tY u~‚ “ tY u).
If C is additionally symmetric monoidal, the based loop category ΩC is the symmetric monoidal
complete pn´ 1q-fold Segal space
pΩCq~‚ “ Cp1,1q~‚ “ Cr0s0,~‚
h
ˆ
C0,~‚
C1,~‚
h
ˆ
C0,~‚
Cr0s0,~‚.
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Being an p8, n´1q-category, we can treat ΩC as an p8, nq-category with only identity n-morphisms.
Proposition 6.12. Let C be a symmetric monoidal complete n-fold Segal space. Then C1Ó1 and
ΩC are canonically equivalent as symmetric monoidal complete n-fold Segal spaces.
Proof. Lemma 4.7 implies that there is an equivalence of uple-cosimplicial computads
Θp0q;p0q
h
Y
Θ~‚;p0q
Θ~‚;p1q
h
Y
Θ~‚;p0q
Θp0q;p0q » Θ1,~‚.
It follows that for any complete n-fold Segal space D and any objects X,Y P Dp0q, there is a
functorial-in-D equivalence of complete n-fold Segal spaces
tXu
h
ˆ
D
DÓ
h
ˆ
D
tY u » DpX,Y q,
where the two maps DÓ Ñ D are sv and tv, and the inclusions tXu, tY u Ñ D extend the maps
tXu, tY u Ñ Dp0q along degeneracies. Indeed, the left-hand side is just the derived mapping space
into D from Θp0q;p0q
h
Y
Θ~‚;p0q
Θ~‚;p1q
h
Y
Θ~‚;p0q
Θp0q;p0q such that the two copies of Θp0q;p0q go to X and Y
respectively; the right-hand side is the derived mapping space into D from Θ1,~‚ such that the two
0-cells in Θ1,~‚ (corresponding to the two inclusions Θp0q “ Θ0,~‚ Ñ Θ1,~‚) go to X and Y .
Let C now be a symmetric monoidal complete n-fold Segal space and let D range over the
complete n-fold Segal spaces Crms, with X “ Y “ 1 : Cr0s Ñ Crms for every m. The symmetric
monoidal equivalence t1u ˆhC C
Ó ˆhC t1u » Cp1,1q then follows from functoriality-in-D of the above
equivalence. 
Remark 6.13. In particular, C1Ó1, which is a priori an n-fold Segal space, is actually (equivalent to)
an pn´1q-fold Segal space. It turns out that C1Ñ1, which controls oplax natural transformations, as
well as the fibered product Cr0s ˆhC rΘ
p1q, Cs ˆhC Cr0s controlling strong natural transformations, are
also only pn´1q-fold Segal, even though they are a priori n-fold Segal. However, already in the case
of bicategories, one may check that neither C1Ñ1 nor Cr0s ˆhC rΘ
p1q, Cs ˆhC Cr0s is equivalent to ΩC
(although the former always is equivalent to what you get from ΩC by reversing all odd-dimensional
morphisms). ♦
7. Twisted quantum field theories
In this section we apply Definition 6.7 to clarify the notion of “twisted quantum field theory”
from Definition 1.4. We begin by letting Bord “ BordGd´n,...,d be an arbitrary symmetric monoidal
complete n-fold Segal space, which we think of as the p8, nq-category of “geometric bordisms” upon
which quantum field theories are to be based. We will later specialize to the case Bord “ Bordfrn of
framed cobordisms. Recall that a quantum field theory based on Bord and valued in a symmetric
monoidal p8, nq-category C is a symmetric monoidal functor BordÑ C.
Definition 7.1. Let C be a symmetric monoidal complete pn` 1q-fold Segal space. The space
mapshbpBord, C
Óq, respectively mapshbpBord, C
Ñq,
is the space of lax, respectively oplax, twisted field theories valued in C. More generally, the space of
lax, resp. oplax, k-times-twisted field theories in C is mapshbpBord, C
lax
pkq q, resp. maps
h
bpBord, C
oplax
pkq q.
By Corollary 6.9, lax and oplax k-times-twisted field theories in C are the k-morphisms in p8, nq-
category Funlaxb pBord, Cq and Fun
oplax
b pBord, Cq respectively.
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Bord C. . .
For an (op)lax twisted field theory, we call its compositions with the source and target maps
CÓ Ñ C, respectively CÑ Ñ C, its twists S and T and say the (op)lax twisted field theory is pS, T q-
twisted.
In the special case when S “ 1 is the trivial twist from Definition 6.10, we say the twisted field
theory in question is an (op)lax T -twisted field theory. As in the discussion after Definition 6.10,
we see that the spaces of lax and oplax T -twisted field theories can be computed as:
Laxbp1, T q » maps
h
b
ˆ
Bord, Cr0s
h
ˆ
C
C
Ó
˙
h
ˆ
mapshbpBord,Cq
tT u,
Oplaxbp1, T q » maps
h
b
ˆ
Bord, Cr0s
h
ˆ
C
CÑ
˙
h
ˆ
mapshbpBord,Cq
tT u.
We will henceforth denote C1Ó :“ Cr0s
h
ˆ
C
CÓ and C1Ñ :“ Cr0s
h
ˆ
C
CÑ.
Example 7.2. Twisted field theories as defined in [ST11, Definition 5.2] unravel to lax T -twisted
field theories based on their category pG,Mq-Bord of super-Euclidean bordisms and valued in their
category TA of topological algebras. ♦
Example 7.3. To illustrate Definition 7.1, consider the values of a lax or oplax T -twisted field
theory on a closed bordism b P Bord, i.e. a k-morphism whose source and target are (pk ´ 1q-
dimensional identity morphisms on) the monoidal unit H P Bord. By symmetric monoidality,
T pHq “ 1 P C, and so T pbq is a k-morphism from 1 to 1 (or rather, pk ´ 1q-dimensional identity
morphisms thereon).
First, consider the case when Z : 1ñ T is an oplax transformation, i.e. a functor Z : BordÑ CÑ
with sh ˝ Z “ 1 and th ˝ Z “ T . Since Z is also symmetric monoidal, ZpHq “ 1. Thus Zpbq is an
1-by-k morphism in C with:
shpZpbqq “ 1, thpZpbqq “ T pbq, svpZpbqq “ 1, tvpZpbqq “ 1.
Finally, the “square” with these boundaries is to be filled in with the pk ` 1q-morphism Zpbq.
According to Proposition 3.5, such filling-in cell always goes “from sh to th,” with compositions as
necessary. In our case such compositions are trivial, and the end result is that Zpbq is a pk ` 1q-
morphism in C with source 1 and target T pbq. Such a pk ` 1q-morphism can be thought of as an
“element” of the k-morphism T pbq.
For comparison, when Z : 1ñ T is a lax transformation, the k-by-1 morphism Zpbq enjoys
svpZpbqq “ 1, tvpZpbqq “ T pbq, shpZpbqq “ 1, thpZpbqq “ 1.
According to Proposition 3.5, whether the filling pk` 1q-morphism goes from sv to tv or from tv to
sv depends on the parity of k: when k is even, Zpbq : 1Ñ T pbq is an element of T pbq, whereas when
k is odd, Zpbq : T pbq Ñ 1 is a “coelement.”
36 THEO JOHNSON-FREYD AND CLAUDIA SCHEIMBAUER
The cases when k “ 0, 1, and 2 can be read from Example 5.17:
lax oplax
object b P Bp0q Zpbq : 1Ñ T pbq Zpbq : 1Ñ T pbq
1-morphism 1
b
Ñ 1 P Bp1q
1 1 1
1
1 T pbq 1
1
Zpbq
Zpbq : T pbq ñ 1
1 1 1
1
1 1 1
T pbq
Zpbq
Zpbq : 1ñ T pbq
2-morphism
1 1
1
1
b P Bp2q
1
T pbq
Zpbq
1
1
Zpbq : 1⇛ T pbq
1
1
T pbq
Zpbq
1
Zpbq : 1⇛ T pbq
♦
Based on the examples described in the literature, it is tempting to take the slogan “Zpbq is an
element of T pbq” as a defining property of “T -twisted quantum field theory” — for example, [FT12]
take this slogan as part of their closely related notion of “relative quantum field theory.” Based
on Example 7.3, this suggests that a “T -twisted field theory” is best defined to be what we have
called an oplax T -twisted field theory. However, another basic desired property suggested is that
we should be able to recover the usual notion of functorial QFT when twisting by the trivial twist
(c.f. [ST11, Lemma 5.7]). For this criterion we find that lax T -twisted field theories behave better:
Theorem 7.4. For any symmetric monoidal p8, nq-category Bord and any target symmetric
monoidal p8, n`1q-category C, the space Laxbp1,1q » maps
h
bpBord, C
1Ó1q of lax trivially-twisted
field theories (based on Bord) is canonically equivalent to the space mapshbpBord,ΩCq of “absolute”
field theories valued in the loop category ΩC.
Proof. This follows immediately from Proposition 6.12. 
Remark 7.5. Remark 6.13 implies that the space Oplaxbp1,1q of oplax trivially-twisted field the-
ories is also equivalent to a space of absolute field theories. However, they are not valued in ΩC,
but rather in the “odd opposite” of ΩC in which the directions of the odd morphisms are reversed.
♦
Fully extended twisted field theories.
We now turn to the fully local topological case. This will allow us, in the next subsection, to
compare our notion of (op)lax twisted field theory to the boundary field theories proposed in [FT12]
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as the definition of “relative field theory”; another very nice account of the comparison of boundary
conditions to (op)lax twisted field theories is available in [FV14].
Let Bord “ Bordfrn denote the fully extended framed topological bordism category from [Lur09c,
CS15b]. The main theorem of [Lur09c], the so-called Cobordism Hypothesis, asserts that for any
p8, Nq-category C, possibly with N ě n, the p8, Nq-category Funstrongb pBord
fr
n , Cq (of symmetric
monoidal functors Bordfrn Ñ C and strong transformations as morphisms) is equivalent to the
maximal 8-groupoid of C whose objects are “n-dualizable objects in C.”
Although this story is well-studied, we include a brief review to establish notation. A 1-morphism
f : X Ñ Y in a bicategory C is left-adjunctible if there is a 1-morphism fL : Y Ñ X, called the left
adjoint of f , and 2-morphisms evf : f
L ˝ f ñ idX and coevf : idY ñ f ˝ f
L, called evaluation (or
counit) and coevaluation (or unit), such that the two natural compositions “ev ˝ coev” are identities
on f and fL. Similarly, a 1-morphism f is right-adjunctible if there is a right adjoint fR and 2-
morphisms f ˝fR ñ idY and idX ñ f
R ˝f whose two possible compositions are identities. Left and
right adjoints are unique up to unique isomorphism if they exist, and clearly f – pfLqR – pfRqL
if f is both left- and right-adjunctible. We will call f just adjunctible if it is both left and right
adjunctible and moreover fL is left adjunctible, as is pfLqL, as is ppfLqLqLq, etc., and fR is right
adjunctible, as is pfRqR, etc.; this notion does not seem to have a standard name in the literature.
For k ě 1, a k-morphism in an p8, Nq-category C is called left-adjunctible, right-adjunctible, or ad-
junctible if it is so is the appropriate homotopy bicategory (defined analogously to Definition 2.12).
Thus left-adjunctibility (or right-adjunctibility, or adjunctibility) of a k-morphism asserts the ex-
istence of certain pk ` 1q-morphisms; we will say that those pk ` 1q-morphisms witness left- (or
right-) adjunctibility of the given k-morphism. By induction, we will say that a k-morphism in C is
n-times left-adjunctible for n ě 2 if it is pn´1q-times left-adjunctible and the pk`n´1q-morphisms
witnessing pn´ 1q-times left-adjunctibility are themselves left-adjunctible.
If C is a symmetric monoidal category, an object X P C is 1-dualizable if there is a dual object
X˚ and 1-morphisms evX : X
˚ bX Ñ 1 and coevX : 1Ñ X bX
˚ such that the two compositions
pidX b evXq ˝ pcoevX bidXq : X Ñ X and pevX bidX˚q ˝ pidX˚ b coevXq : X
˚ Ñ X˚ are identities;
these are called the snake relations. If C is a symmetric monoidal p8, Nq-category, an object is
1-dualizable if it is so in the homotopy category of C. Now proceeding by induction, an object in
a symmetric monoidal p8, Nq-category is n-dualizable for n ě 2 if it is pn ´ 1q-dualizable and all
the evaluation and coevaluation pn´ 1q-morphisms witnessing pn´ 1q-dualizability are themselves
adjunctible. Lest n-dualizability look like too much information to check in practice, we will later
recall a few standard lemmas simplifying the problem.
In the remainder of this section, we will use the Cobordism Hypothesis to analyze fully extended
framed topological twisted field theories and their higher analogs by unravelling n-dualizability in
CÓ, CÑ, and their higher analogs. Our main theorem in this section, Theorem 7.6, gives a full
classification thereof. From now on, let n ě 0 and let C be a symmetric monoidal p8, Nq-category,
possibly with N ě n.
Theorem 7.6. For ˚ “ “lax”, respectively “oplax,” an object in Cfpjq is n-dualizable if and only if its
vertical, respectively horizontal, source and target under Cfpjq Ñ C
f
pj´1q are n-dualizable and moreover
the corresponding j-morphism in C is n-times left-adjunctible, respectively right-adjunctible.
Proof. By Corollary 7.12, to check n-dualizability it is enough to check n-times left-adjunctibility.
The claim then follows by induction, using Proposition 7.10 as the base case and Proposition 7.13
as the induction step. 
Assuming the Cobordism Hypothesis, Theorem 7.6 has an immediate corollary:
Corollary 7.7. There is an equivalence of p8, Nq-categories between:
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(1) the p8, Nq-category Funlaxb pBord
fr
n , Cq whose objects are fully-extended framed topological
field theories, 1-morphisms are lax twisted field theories between them, and in general whose
k-morphisms are lax k-times-twisted field theories;
(2) the sub-p8, Nq-category of C whose objects are n-dualizable objects in C, and 1-morphisms
are n-times left-adjunctible 1-morphisms between n-dualizable objects in C, and in general
whose k-morphisms are the n-times left-adjunctible k-morphisms in C between the allowed
pk ´ 1q-morphisms.
The same statement holds for “lax” replaced by “oplax” and “left” replaced by “right”. l
Remark 7.8. The p8, Nq-category in (2) is not the same as the p8, Nq-category Cfd appearing
in the statement of the Cobordism Hypothesis in [Lur09c]. The objects of Cfd are required to be
N -dualizable; when N ą n, this is strictly stronger than the n-dualizability required in (2). On the
other hand, k-morphisms in Cfd are required to be pN ´ kq-times adjunctible, whereas k-morphisms
in the category from (2) are required to be n-times left-adjunctible; the latter is strictly stronger
when k ą N ´ n, as then n-times left adjunctibility forces the k-morphism to be invertible. ♦
In the proofs of the results leading to Theorem 7.6, we will adopt a certain cavalier attitude
towards the difference between equivalence and equality in higher categories, generally assuming
that any category in question is strict. This is allowed by the Lemma 7.9, which implies that
when studying questions about dualizability and adjunctibility we can assume that the categories
in question are gaunt.
For a bicategory C, let its gauntification gaupCq be the strict 2-category given by the left adjoint
to the inclusion of gaunt 2-categories into bicategories
Gaunt2 ãÑ 2Cat ãÑ Bicat,
i.e. it is formed by first forcing all invertible 2-morphisms in C to be identities (thereby identify-
ing isomorphic 1-morphisms) and then forcing all invertible 1-morphisms to be identities (thereby
identifying isomorphism objects).
Lemma 7.9. Let C be a bicategory. A 1-morphism f : X Ñ Y in C is left- (resp. right-) adjunctible
iff its class rf s : rXs Ñ rY s in gaupCq is left- (resp. right-) adjunctible.
Proof. Adjunctions are preserved by functors, including the quotient functor C Ñ gaupCq; this
establishes the “only if” direction. For the “if” direction, assume rf s is left-adjunctible (the right-
adjunctible case being analogous), and let rf sL : rY s Ñ rXs be its left adjoint. Choose any lift of
rf sL to C; it has domain some object equivalent to Y and codomain some object equivalent to X,
and by composing with these equivalences we can assume that our choice of lift is a 1-morphism
Y Ñ X. We will suggestively write fL : Y Ñ X for this choice of lift. Now choose lifts of evrfs
and coevrfs. Whiskering by equivalences as necessary, we can assume that the lifts are 2-morphisms
fL ˝ f ñ idX and idY ñ f ˝ f
L respectively. We will suggestively write evf : f
L ˝ f ñ idX for
this choice of a lift of evrfs; we will write Čcoevf : idY ñ f ˝ fL for the choice of lift of coevrfs. Now
consider the two compositions between evf and Čcoevf . Both lift identities in gaupCq, and therefore
are isomorphisms. By multiplying Čcoevf by the appropriate isomorphism, we can guarantee that
the composition f ñ f is the identity. Let φ : f˚ ñ f˚ denote the other composition. On the one
hand it is an automorphism; on the other hand, the fact that the other composition is the identity
implies that φ2 “ φ. It follows that φ is an identity. 
We now proof the base case for Theorem 7.6. The oplax case is also proven in [HSS15].
Proposition 7.10. Let C be a symmetric monoidal p8, nq-category and f : X Ñ Y a 1-morphism
in C. Then f is 1-dualizable as an object in CÓ if and only if X and Y are 1-dualizable in C and
f : X Ñ Y is (1-times) left-adjunctible. Similarly, f is 1-dualizable as an object in CÑ if and only
if X and Y are 1-dualizable in C and f : X Ñ Y is (1-times) right-adjunctible.
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Proof. Since the functors sv, tv : C
Ó Ñ C are symmetric monoidal and symmetric monoidal func-
tors preserve dualizability, dualizability of both X and Y is certainly a necessary condition for
dualizability of f .
Suppose that f has dual f˚ : X˚ Ñ Y ˚ in CÓ. Then we have 2-morphisms in C
evf : evY ˝pf b f
˚q ñ evX
X bX˚ evX 1
f b f˚
Y b Y ˚ evY 1
id
1
evf
coevf : coevY ñ pf
˚ b fq ˝ coevX
1
coevX X˚ bX
id
1
1
coevY Y ˚ b Y
f˚ b f
coevf
such that the compositions
X
idXbcoevX
X bX˚ bX
f
Y
idY bcoevY
evX bidX
X
f b f˚ b f
Y b Y ˚ b Y
evY bidY
Y
f
evf bidfidfbcoevf
and
X˚
coevX bidX˚
X˚ bX bX˚
f˚
Y ˚
coevY bidY ˚
idX˚bevX
X˚
f˚ b f b f˚
Y ˚ b Y b Y ˚
idY ˚bevY
Y ˚
f˚
idf˚bevfcoevf bidf˚
are identities on f respectively f˚.
We claim that the mate f ; of f˚, defined by
f ; : Y
idY bcoevXÝÝÝÝÝÝÝÑ Y bX˚ bX
idY bf
˚bidXÝÝÝÝÝÝÝÝÑ Y b Y ˚ bX
evY bidXÝÝÝÝÝÝÑ X,
is a left adjoint to f . To see this, we compute
f ˝ f ; “ f ˝ pevY bidXq ˝ pidY b f
˚ b idXq ˝ pidY b coevXq
“ pevY bidXq ˝ pidY b f
˚ b fq ˝ pidY b coevXq
“ pevY bidXq ˝ pidY b ppf
˚ b fq ˝ coevXqq
Note that coevf : coevY ñ pf
˚ b fq ˝ coevX , so we define the unit of the adjunction to be
u “ pevY bidY q ˝ pidY b coevf q : idY “ pevY bidY q ˝ pidY b coevY q ùñ f ˝ f
;.
Similarly,
f ; ˝ f “ pevY bidXq ˝ pidY b f
˚ b idXq ˝ pidY b coevXq ˝ f
“ pevY bidXq ˝ pf b f
˚ b idXq ˝ pidX b coevXq
“ ppevY ˝pf b f
˚qq b idXq ˝ pidX b coevXqq
and using evf we can define the counit of the adjunction
v “ pevf bidXq ˝ pidX b coevXq : f
; ˝ f ùñ pevX bidXq ˝ pidX b coevXq “ idX .
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To see that they satisfy the conditions to be an adjunction, note that the bold red composition
X
idX b coevX
X bX˚ bX
f
Y
idY b coevY
evX bidX
X
Y b Y ˚ b Y
evY bidY
Y
f
evf bidfidf b coevf
f b f˚ b f
is f ˝ f ; ˝ f , and the composition of the 2-cells is the one we need. Similarly for f ; ˝ f ˝ f ;.
Conversely, suppose that X and Y are dualizable and that f : X Ñ Y has a left adjoint fL :
Y Ñ X. In keeping with the above notation, we will write u : idY ñ f ˝ f
L and v : fL ˝ f ñ idX
for the unit and counit of the adjunction, i.e. the compositions
f “ idY ˝ f
uˆidf
ñ f ˝ fL ˝ f
idfˆv
ñ f ˝ idX “ f,
fL “ fL ˝ idY
id
fL
ˆu
ñ fL ˝ f ˝ fL
vˆid
fL
ñ idX ˝ f
L “ fL
are identities. Define f˚ to be the mate of fL:
f˚ : X˚
coevY bidX˚ÝÝÝÝÝÝÝÝÑ Y ˚ b Y bX˚
idY ˚bgbidX˚ÝÝÝÝÝÝÝÝÝÑ Y ˚ bX bX˚
idY ˚bevXÝÝÝÝÝÝÑ Y ˚.
We claim that f˚ is a dual to f in CÓ. To see this, note first that
pf˚ b fq ˝ coevX “ pidY ˚ b pf ˝ f
Lqq ˝ coevY ,
as follows from the commutativity if the following diagram:
1 X˚ bX Y ˚ b Y bX˚ bX Y ˚ bX bX˚ bX Y ˚ bX Y ˚ b Y
Y ˚ b Y Y ˚ bX
coevX
coevY
coevY
f˚
fL evX f
coevX
fL
coevX
id
This allows to define
coevf “ pidY ˚ b uq ˝ coevY : coevY ùñ pidY ˚ b pf ˝ f
Lqq ˝ coevY “ pf
˚ b fq ˝ coevX .
Similarly,
evY ˝pf b f
˚q “ evX ˝ppf
L ˝ fq b idX˚q,
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because of the commutativity of
X bX˚ Y bX˚ Y b Y ˚ b Y bX˚ Y b Y ˚ bX bX˚ Y b Y ˚ 1
Y bX˚ X bX˚
f
id
coevY
f˚
fL
evY
evX evY
fL
evY
evX
This allows to define
evf “ evX ˝pv b idX˚q : evY ˝pf b f
˚q “ evX ˝ppf
L ˝ fq b idX˚q ùñ evX .
A diagram chase, which we leave to the reader, shows that evf and coevf satisfy the snake relations
using the fact that u and v form the unit and counit of an adjunction. 
In order to establish the induction step in Theorem 7.6, we first simplify the conditions we need
to check:
Lemma 7.11. Let C be an p8, nq-category and f : X Ñ Y a k-morphism in C. The following are
equivalent:
(1) f is adjunctible and all the evaluation and coevaluation pk ` 1q-morphisms witnessing ad-
junctibility are themselves adjunctible.
(2) f is left-adjunctible and both pk`1q-morphisms evf : f
L˝f Ñ idX and coevf : idY Ñ f ˝f
L
are both left- and right-adjunctible.
(3) f is both left- and right-adjunctible and all four pk ` 1q-morphisms evf : f
L ˝ f Ñ idX ,
coevf : idX Ñ f ˝ f
L, evfR : f ˝ f
R Ñ idY , and coevfR : idX Ñ f
R ˝ f are left-adjunctible.
The same statement hold with the words “left” and “right” reversed.
Proof. That (1) implies both (2) and (3) is clear.
Suppose that f satisfies (2). Then the left adjoints evLf : idX Ñ f
L ˝ f and coevLf : f ˝ f
L Ñ idY
together witness fL as the right adjoint to f , see [Lur09c, Remark 3.4.22] and [DSPS13, Lemma
2.4.4]. Similarly, the right adjoints evRf : idX Ñ f
L ˝ f and coevRf : f ˝ f
L Ñ idY also witness f
L as
a right adjoint to f .
It follows that there is an automorphism S of fL formed by composing evRf ˆidfL with idfL ˆ
coevLf ; its inverse is formed by composing ev
L
f ˆidfL with idfL ˆ coev
R
f . It intertwines ev
L
f ˆidfL˝f
with evRf ˆidfL˝f and idfL ˆ coev
L
f ˆidfL and idfL ˆ coev
R
f ˆidf :
S ˆ idf : f
L ˝ f pfL ˝ fq ˝ pfL ˝ fq fL ˝ f : S´1 ˆ idf .
evLf ˆidfL˝f
id
fL
ˆcoevLf ˆidfL
id
fL
ˆcoevRf ˆidf
evRf ˆidfL˝f
Invertible morphisms are adjunctible, so S and S´1 are adjunctible. Since compositions of ad-
junctible morphisms are adjunctible and evLf is right-adjunctible by construction, ev
R
f is right-
adjunctible. Similarly, evLf is left-adjunctible. Iterating gives adjunctibility of evf , and a similar
argument gives adjunctibility of coevf and of the other evaluation and coevaluation morphisms.
This finishes the proof that (2) implies (1).
Finally, assume that f satisfies (3). Similarly to the previous case, the left adjoints evL
fR
: idY Ñ
f ˝ fR and coevL
fR
: fR ˝ f Ñ idX establish f
R as a left adjoint to f . It follows that there is an
isomorphism fR – fL intertwining evL
fR
with coevf and coev
L
fR
with evf . But ev
L
fR
and coevL
fR
are right-adjunctible. This establishes that (3) implies (2) and completes the proof. 
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Corollary 7.12. Let X be an object in a symmetric monoidal p8, Nq-category. The following are
equivalent:
(1) X is n-dualizable.
(2) X is 1-dualizable and the evaluation and coevaluation morphisms evX : X
˚ bX Ñ 1 and
coevX : 1Ñ X bX
˚ are pn´ 1q-times left-adjunctible.
(3) X is 1-dualizable and the evaluation and coevaluation morphisms evX : X
˚ bX Ñ 1 and
coevX : 1Ñ X bX
˚ are pn´ 1q-times right-adjunctible. l
We turn now to n-dualizability in the categories Cfpjq of lax, respectively oplax, j-morphisms in an
p8, nq-category C. For simplicity, we focus on the lax case, and thus left-adjunctibility; the oplax
case works similarly.
Recall that an i-morphism in C laxpjq is by definition an element of C
l
piq;pjq. Given f P C
l
piq;pjq, its
horizontal source and target shf, thf P C
l
pi´1q;pjq are its source and target pi´ 1q-morphisms in C
lax
pjq
and its vertical source and target svf, tvf P C
l
piq;pj´1q are i-morphisms in C
lax
pj´1q. We will write f
#
for the “bulk” pi` jq-morphism in C that fills in the “box” with sides shf , thf , svf , and tvf . Since
its source and target depend on the parity of j, we unify notation in both cases: let a “ svf when
j is even and a “ tvf when j is odd, and let b “ tvf when j is even and b “ svf with j is odd, and
let s “ shf and t “ thf ; then Proposition 3.5 says that there are whiskerings a
6, b6, s6, and t6 of
the “bulk” pi` j ´ 1q-morphisms a#, b#, s#, t# such that
f# : a6 ˝ s6 ñ t6 ˝ b6.
Proposition 7.13. Let f P Clpiq;pjq with notation as above. Then f is left-adjunctible as an i-
morphism in C lax
pjq
if and only if a and b are left-adjunctible as i-morphisms in C lax
pj´1q
and f# is
left-adjunctible as an pi ` jq-morphism in C. Moreover, letting fL denote the left adjoint of f in
C
lax
pjq , the pi ` jq-morphisms pf
Lq# and pf#qL in C are mates in the sense that they are related by
units and counits of the adjunctions for a and b.
Proof. The proof is almost the same as the proof of Proposition 7.10, and so we give only the
outline. The functors sv, tv : C
lax
pjq Ñ C
lax
pj´1q preserve left-adjunctibility, and so a necessary condition
for left-adjunctibility of f is left-adjunctibility of a and b. Any alleged adjoint fL of f in C laxpjq
necessarily has a “bulk” pi` jq-morphism
pfLq# : paLq6 ˝ t 6ñ s 6˝ pbLq6,
where s 6and t 6are some whiskerings of s# and t#, possibly different from s6 and t6. For comparison,
any alleged adjoint pf#qL of f# in C is a map
pf#qL : t6 ˝ b6 ñ a6 ˝ s6.
Whiskering is functorial, and so preserves left-adjunctibility. Given any g : t6 ˝ b6 ñ a6 ˝s6, define
its mate
g: : pa6qL ˝ t6 ñ s6 ˝ pb6qL
as the composition
pa6qL ˝ t6
coev
b6
ùùùñ pa6qL ˝ t6 ˝ b6 ˝ pb6qL
g
ùñ pa6qL ˝ a6 ˝ s6 ˝ pb6qL
ev
a6
ùùñ s6 ˝ pb6qL.
Being functorial, whiskering also preserves mates. By induction, paLq6, a whiskering of paLq#, is a
mate of a whiskering of pa#qL. It follows that, up to whiskering, paLq6 is a mate of pa6qL, and pbLq6
is similarly a mate of pb6qL. Therefore we can whisker g: into a map
g; : paLq6 ˝ t 6ñ s 6˝ pbLq6.
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Conversely, given such a g;, we can whisker it to a map pa6qL ˝ t6 ñ s6 ˝ pb6qL and take its mate to
restore g.
We claim that pfLq# and pf#qL are mates in the sense that
ppf#qLq; “ pfLq#,
by which we mean in particular that given one of pf#qL and pfLq#, we can define the other as
the above composition of mates and whiskerings. The evaluation and coevaluation morphisms
are defined by dragging those from one side through the mates-and-whiskerings to the other side.
Checking the appropriate relations is then a diagram chase no harder than those in the proof of
Proposition 7.10 and is left to the reader. 
Remark 7.14. For comparison, right-adjunctibility of an i-morphism in C laxpjq is not the same as
right adjunctibility of the bulk pi` jq-morphism in C, but rather as right-adjunctibility of a certain
mate of the bulk. In the oplax case, however, an i-morphism in C
oplax
pjq is right-adjunctible if and
only if its horizontal source and target are right-adjunctible in C
oplax
pj´1q and its bulk pi` jq-morphism
is right-adjunctible in C. ♦
Comparison with boundary field theories.
Lurie’s paper [Lur09c] on the Cobordism Hypothesis focuses mostly on categories “with duals.”
By definition, an p8, nq-category has duals if every object is n-dualizable and every k-morphism
for k ě 1 is pn ´ kq-times adjunctible. Given an arbitrary symmetric monoidal p8, nq-category C,
the p8, nq-category Cfd denotes the maximal subcategory of C with duals.
In Section 4.3 of [Lur09c], Lurie describes a category Bordfr,Bn`1 of fully extended framed bor-
disms with “free boundaries” along with an embedding Bordfrn`1 ãÑ Bord
fr,B
n`1. Given an pn ` 1q-
dimensional framed topological field theory Z : Bordfrn`1 Ñ C, a boundary field theory for Z is
an extension of Z to a symmetric monoidal functor Z¯ : Bordfr,Bn`1 Ñ C. The field theory Z plays
the same role for boundary field theories as a twist plays for twisted field theories. Corollary 7.7
has the following corollary, providing a comparison between lax twisted field theories and boundary
theories.
Theorem 7.15. Let Bord “ Bordfrn denote the fully extended framed topological bordism category
from [Lur09c, CS15b] and Bordfr,Bn`1 the fully extended framed bordism category with “free bound-
aries” described in Section 4.3 in [Lur09c]. Let C be a symmetric monoidal p8, n` 1q-category with
duals. The following are equivalent:
(1) 1-morphisms in C with source 1,
(2) fully extended n-dimensional boundary field theories BordBn`1 Ñ C,
(3) lax twisted field theories with trivial source Bordn Ñ C
1Ó,
(4) oplax twisted field theories with trivial source Bordn Ñ C
1Ñ.
Proof. The equivalence between (1) and (2) is the first example of Lurie’s Cobordism Hypothesis
for Manifolds with Singularities: assuming C has duals, given a fully extended framed topological
field theory Z : Bordfrn`1 Ñ C, the data of an extension to a boundary theory Z¯ : Bord
fr,B
n`1 Ñ C is
equivalent to the data of a morphism 1Ñ Zpptq. The equivalence between (1) and (3) follows from
Corollary 7.7 and the observation that if C is an p8, n` 1q-category with duals, then in particular
every object is n-dualizable and every 1-morphism is n-times left-adjunctible. For the equivalence
between (1) and (4), one follows the same arguments as above except consistently substituting
“right” for “left” and “oplax” for “lax.” 
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Remark 7.16. The Cobordism Hypothesis for Manifolds with Singularities furthermore describes
functors from fully-extended cobordism categories with certain types of higher-codimension defects.
Corollary 7.7 can also be used to compare those theories with higher twisted theories in the case
when the target category has enough duals.
The most interesting case is when C is not required to have all duals. Then to have a boundary
field theory Z¯ : Bordfr,Bn`1 Ñ C still requires that the “bulk” theory Z : Bord
fr
n`1 Ñ C assigns to a
point an pn ` 1q-dualizable object Zpptq P C. On the other hand, in a lax twisted field theory, the
twist T : Bordn Ñ C only requires that T pptq be n-dualizable. Compare Remark 7.8. ♦
8. The even higher Morita category of Ed-algebras
In this section, as an application of (op)lax homomorphisms, we construct an “even higher” ver-
sion of the “higher (pointed) Morita” p8, dq-category AlgdpCq of Ed-algebras in a given symmetric
monoidal p8, nq-category C. Its objects are Ed-algebras in C, its 1-morphisms are (pointed) bimod-
ules in Ed´1-algebras in C, 2-morphisms are (pointed) bimodules of (pointed) bimodules, etc., up to
its d-morphisms, which are (pointed) bimodules of (pointed) bimodules . . . of (pointed) bimodules.
We will extend the p8, dq-category AlgdpCq to an p8, d ` nq-category whose k-morphisms for
k ą d are pk´dq-morphisms in C between such (pointed) bimodules. As in Definition 1.9, in addition
to strong morphisms between algebraic structures in higher categories, there are also lax and oplax
morphisms. As such, we will build three separate “even higher” Morita p8, d`nq-categories, which
we will callAlglaxd pCq, Alg
oplax
d pCq, andAlg
strong
d pCq. The main example, described in Example 8.9,
is the p8, 4q-category Algstrong2 pRexKq controlling the Morita theory of braided monoidal finitely-
cocomplete K-linear categories.
An unpointed version of AlgdpCq was constructed in [Hau14a] using 8-operadic methods. A
pointed version was constructed in [CS15a] using more geometric tools, namely factorization alge-
bras. Our generalization applies to both versions. The two constructions seem to be closely related
and a comparison statement is the subject of an ongoing project. We will briefly recall outlines of
both versions later in this section. We will need only certain formal properties from the construc-
tions, and so will not recall all details. Both constructions need certain technical conditions which
we recall here in order to state the results.
Definition 8.1. (1) A geometric realization is a colimit of a simplicial object, i.e. a colimit of
a diagram indexed by the category ∆op. An p8, 1q-category is b-GR-cocomplete if it is sym-
metric monoidal, has geometric realizations, and if the symmetric monoidal structure dis-
tributes over geometric realizations in each variable. A functor between b-sifted-cocomplete
p8, 1q-categories is b-GR-cocontinuous if it is symmetric monoidal and preserves geometric
realizations.
We will call a symmetric monoidal p8, nq-category C~‚ “b-GR-cocomplete” if its underly-
ing p8, 1q-category C‚,0,...,0 is.
(2) A sifted colimit is a colimit over a nonempty diagram D such that the diagonal functor
D Ñ D ˆ D is final (see [Lur09a, Definition 5.5.8.1] for details). An p8, 1q-category is
b-sifted-cocomplete if it is symmetric monoidal, has sifted colimits, and if the symmetric
monoidal structure distributes over sifted colimits in each variable. A functor between b-
sifted-cocomplete p8, 1q-categories is b-sifted-cocontinuous if it is symmetric monoidal and
preserves sifted colimits.
We will call a symmetric monoidal p8, nq-category C~‚ “b-sifted-cocomplete” if its under-
lying p8, 1q-category C‚,0,...,0 is.
Since ∆op is sifted, geometric realizations are special cases of sifted colimits. Some readers might
know geometric realizations from their strict-categorical counterparts, which are called reflexive
coequalizers. A well-developed theory of colimits within p8, 1q-categories exists [Lur09a, RV14]
but consistently uses quasicategories to model p8, 1q-categories, rather than complete Segal spaces.
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These models are known to be equivalent [JT07], and in this section we will use them interchange-
ably.
The following unifies the main results of [Hau14a, CS15a]:
Theorem 8.2. Let C be a symmetric monoidal p8, 1q-category.
(1) ([Hau14a]) If C is b-GR-cocomplete, then there is a symmetric monoidal d-fold Segal space
AlgdpCq~‚ (which is not complete) whose objects are Ed-algebras in C, 1-morphisms are
unpointed bimodules in Ed´1-algebras in C, . . . , and d-morphisms are unpointed bimodules
of pointed bimodules . . . of pointed bimodules. The assignment C ÞÑ AlgdpCq~‚ is functorial
for b-GR-cocontinuous functors.
(2) ([CS15a]) If C is b-sifted-cocomplete, then there is a symmetric monoidal complete d-
fold Segal space i.e. a symmetric monoidal p8, dq-category AlgdpCq~‚ whose objects are
Ed-algebras in C, 1-morphisms are pointed bimodules in Ed´1-algebras in C, . . . , and d-
morphisms are pointed bimodules of pointed bimodules . . . of pointed bimodules. The assign-
ment C ÞÑ AlgdpCq~‚ is functorial for b-sifted-cocontinuous functors. l
Both papers [Hau14a, CS15a] use the name “Algd” for their constructions, even though the two
constructions are different. In this article we will not try to give them different names, since our
generalization applies to both. The construction given in [CS15a] naturally produces a complete d-
fold Segal space. The construction in [Hau14a] produces a d-fold Segal space which is not complete;
the “higher Morita category” from [Hau14a] is its completion to a complete d-fold Segal space. We
will let Algd denote the the uncompleted version, as it’s the one we will need for our construction.
In both [Hau14a, CS15a], a stronger statement holds: the (complete) d-fold Segal space AlgdpCq~‚
is naturally the “object” part of a (complete) d-fold Segal object internal to complete Segal spaces
AlgdpCq~‚;‚, whose morphisms in the latter direction are homomorphisms of bimodules. This gives
(after completion, in the case of [Hau14a]) an p8, dq-by-p8, 1q “double” category whose underlying
p8, d` 1q-category from Remark 5.4 is the “higher Morita category of Ed-algebras in C.”
Our strategy for generalizing to the case when C is an p8, nq-category is to apply the Algdp´q
construction to the double p8, nq-category Cf from Definition 5.14, for ˚ “ “lax,” “oplax,” or
“strong.” More precisely, since Algdp´q inputs an p8, 1q-category, we use for each ~l only the
underlying p8, 1q-category of the p8, nq-category Cf~l
. The motivation for this choice comes from
Definition 1.9: a lax morphism of some type of structure in C is that type of structure in CÓ “ C laxp1q ,
an oplax morphism is that type of structure in CÑ “ C
oplax
p1q , and a strong morphism of some type
is that type of structure in rΘp1q, Cs “ C
strong
p1q .
However, since Algdp´q is not functorial for arbitrary functors, the spaces AlgdpC
f
~‚ q~k may fail
to be an n-uple simplicial space, let alone an p8, nq-category. Instead, we must ask that Cf~‚ enjoy
one further property:
Definition 8.3. Let C be a symmetric monoidal p8, nq-category and ˚ “ “lax,” “oplax,” or
“strong.”
(1) We will say that Cf is b-GR-cocomplete if it is an n-fold simplicial diagram not just of
symmetric monoidal categories and symmetric monoidal functors, but of b-GR-cocomplete
categories and b-GR-cocontinuous functors. I.e. Cf is b-GR-cocomplete if and only if every
C
f
~l
is b-GR-cocomplete and all face and degeneracy functors preserve geometric realizations.
(2) We will say that Cf is b-sifted-cocomplete if it is an n-fold simplicial diagram not just of
symmetric monoidal categories and symmetric monoidal functors, but of b-sifted-cocomplete
categories and b-sifted-cocontinuous functors. I.e. Cf is b-sifted-cocomplete if and only if
every Cf
~l
is b-sifted-cocomplete and all face and degeneracy functors preserve sifted colimits.
46 THEO JOHNSON-FREYD AND CLAUDIA SCHEIMBAUER
Remark 8.4. By [Lur09a, Lemma 5.4.5.5], for any collection X of shapes of colimits, fiber products
of categories which each have colimits of shape X along functors that preserve colimits of shape
X again have colimits of shape X. It follows that if Cf is b-sifted-cocomplete (resp. b-GR-
cocomplete), then Theorem 5.11 and Proposition 6.5 imply in fact that Cf
~‚ is a complete n-fold
Segal object in the p8, 1q-category of b-sifted-cocomplete (resp. b-GR-cocomplete) categories and
b-sifted-cocontinuous (resp. b-GR-cocontinuous) functors. ♦
The functoriality results from Theorem 8.2 then say the following: if Cf is b-sifted-cocomplete
and “Algd” is interpreted in the sense of [CS15a], then p~k,~lq ÞÑ AlgdpC
f
~l
q~k is a pd ` nq-fold
simplicial space; if Cf is b-GR-cocomplete and “Algd” is interpreted in the sense of [Hau14a], then
p~k,~lq ÞÑ AlgdpC
f
~l
q~k is a pd ` nq-fold simplicial space. Our main result of this section is that this
pd` nq-uple simplicial space is an p8, dq-by-p8, nq double category:
Theorem 8.5. Let C be a symmetric monoidal p8, nq-category and ˚ “ “lax,” “oplax,” or “strong.”
(1) Suppose that Cf is b-sifted-cocomplete and that “Algd” is interpreted in the sense of
[CS15a]. Then the pd`nq-uple simplicial space AlgdpC
f
~‚ q~‚ is a complete d-fold Segal object
internal to complete n-fold Segal spaces.
(2) Suppose that Cf is b-GR-cocomplete and that “Algd” is interpreted in the sense of [Hau14a].
Then the pd`nq-uple simplicial space AlgdpC
f
~‚ q~‚ is a d-fold Segal object internal to complete
n-fold Segal spaces.
The complete proof of Theorem 8.5 will require reviewing a bit about the constructions from
[Hau14a, CS15a], which we defer to the end of this section. But most of the proof follows formally
from the theorems already established:
Proof. For fixed ~l, Theorem 8.2 implies that AlgdpC
f
~l
q~‚ is a (complete, in the case of [CS15a])
d-fold Segal space. It thus suffices to prove that for fixed ~k, AlgdpC
f
~‚ q~k is a complete n-fold Segal
space. Since Cf
~‚ is a complete n-fold Segal object by Remark 8.4, it suffices to prove that the functor
Algdp´q~k preserves fibered products. For the version of Algd from [CS15a], we will prove this in
Proposition 8.17. For the version of Algd from [Hau14a], we will prove this in Proposition 8.14. 
The theorem allows us to give our main definition of this section.
Definition 8.6. Let ˚ “ “lax,” “oplax,” or “strong”, and let C be as in Theorem 8.5. The even
higher Morita category Alg˚dpCq of Ed-algebras and ˚-morphisms in C is the underlying p8, d`nq-
category of the p8, dq-by-p8, nq double category p~k;~lq ÞÑ AlgdpC
f
~l
q~k.
Remark 8.7. Definition 8.6 is a slight abuse of notation when “Algd” is interpreted in the sense
of [Hau14a], as then for fixed ~l the d-fold Segal space AlgdpC
f
~l
q~‚ is generally not complete. To
define the even higher Morita category Alg˚dpCq for the [Hau14a]-version of Algd, one must first
complete AlgdpC
f
~‚ q~‚ before taking its underlying p8, d` nq-category. ♦
Example 8.8. To justify Definition 8.6, assume that C is an p8, 2q-category such that Cf is b-
sifted-cocomplete, where ˚ is one of “lax,” “oplax,” or “strong.” We will work out the p8, 1q-by-
p8, 1q-category underlying the p8, 1q-by-p8, 2q-category Alg˚1pCq, where “Alg1” is understood in
the sense of [CS15a]. Note that if Cf is b-GR-cocomplete and “Alg1” is understood in the sense
of [Hau14a], the same interpretations without the pointings hold.
Since C~‚ “ C
l
p0q;~‚ “ C
l
~‚;p0q “ rΘ
0, Cs~‚, the objects of Alg
˚
1pCq are elements in pAlg
˚
1pCqqp0q “
Alg1pCq0, which are E1-algebras in C. For the same reason, the 1-morphisms in Alg
˚
1pCq are
elements in pAlg˚1pCqq1,p0q “ Alg1pCq1, which are (pointed, in the case of [CS15a]) bimodules in C.
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Setting ~l “ p1q, the p0, 1, 0q-morphisms in the 3-uple Segal space are
pAlg˚1pCqq0,p1q “ Alg1
´
C
f
p1q
¯
0
“
$’&’%
Alg1pC
Óq0, ˚ “ lax
Alg1pC
Ñq0, ˚ “ oplax
Alg1prΘ
p1q, Csq0, ˚ “ strong.
An element of this space is an E1-algebra object in C
f
p1q, i.e. an arrow AÑ B in C, thought of as an
object in Cf
p1q
, along with a coherently homotopy-associative homotopy-unital map pAÑ BqbpAÑ
Bq Ñ pA Ñ Bq in Cfp1q. In the lax, oplax, and strong cases, such a map unpacks to a diagram of
the form
AbA B bB
A B
lax
AbA B bB
A B
oplax
AbA B bB
A B
strong
„
in C. Said another way, A and B are E1-algebra objects in C and the arrow A Ñ B is a
lax/oplax/strong algebra morphism.
The 2-morphisms in Alg˚1pCq are elements of
pAlg˚1pCqq1,p1q “ Alg1
´
C
f
p1q
¯
1
“
$’&’%
Alg1pC
Óq1, ˚ “ lax
Alg1pC
Ñq1, ˚ “ oplax
Alg1prΘ
p1q, Csq1, ˚ “ strong
We will spell this out explicitly for ˚ “ lax. An element in Alg1pC
Óq1 is a pointed bimodule in C
Ó.
This data consists of:
‚ an object in CÓ, i.e. an arrow M Ñ N in C;
‚ a pointing in CÓ, i.e. a morphism p1Ñ 1q Ñ pM Ñ Nq, i.e. a diagram in C of shape
1 M
1 N
id or equivalently 1
M
N
;
‚ a bimodule structure on pM Ñ Nq between algebra objects pA Ñ Bq and pC Ñ Dq. The
actions in such a bimodule are diagrams in C of the form
AbM B bN
M N
and
M bC N bD
M N
.
Repackaging this data, we see that M is a pointed pA,Cq-bimodules, N is a pointed pB,Dq-
bimodule, and the the map M Ñ N is a lax morphism of the pointed bimodules, intertwining
with the lax morphisms AÑ B and C Ñ D.
Similarly, if we choose ˚ “ oplax or ˚ “ strong, we have two pointed bimodulesM and N together
with an oplax or strong morphism M Ñ N of bimodules. ♦
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Example 8.9. Fix a ground commutative commutative ring K. Let RexK denote the bicate-
gory, thought of as an p8, 2q-category, of small finitely-cocomplete K-linear categories, finitely-
cocontinuous K-linear functors, and natural transformations. As observed in [BZBJ15, Proposition
3.10], RexK is b-sifted-cocomplete. Using the well-developed theory of 2-colimits in a bicategory
(e.g. [Str76, Str80, Kel89]), one can show moreover that Rex
strong
K
is b-sifted-cocomplete. (We will
not spell out the argument; it uses the same ideas as in Remark 8.12, which in the case of 2-limits
in bicategories are well established.) Using the unpointed version of “Alg2” from [Hau14a], one
can therefore build the p8, 4q-category Algstrong2 pRexKq predicted in [BZBJ15, Conjecture 6.5]. ♦
Example 8.10. By the same argument as in the example above, we can use the unpointed version
of “Alg1” from [Hau14a] to build the p8, 3q-category Alg
strong
1 pRexKq. The p8, 3q-category TC
from [DSPS13, DSPS14] is expected to be a subcategory of this. ♦
Example 8.11. Fix a ground commutative ring K. Let PresK denote the bicategory, thought of
as an p8, 2q-category, of locally presentable K-linear categories categories, cocontinuous K-linear
functors, and natural transformations. It contains all small limits and colimits [Bir84] and is closed
symmetric monoidal with the Kelly tensor product “bK” of linear cocomplete categories [Kel05],
and hence is b-sifted-cocomplete. Again using the well-developed theory of 2-colimits, one can show
directly that Pres
strong
K
is b-sifted-cocomplete.
We will prove in this example, however, that Pres
oplax
Z
fails to be b-GR-cocomplete. Suppose
that it were. Then in particular PresÑ
Z
would be b-GR-cocomplete, and the source and target
functors s, t : PresÑ
Z
Ñ PresZ would preserve geometric realizations. Consider then the following
geometric realization in PresÑ
Z
(we draw only the 2-truncation of the corresponding ∆op-indexed
diagram, since PresÑ
Z
is a bicategory):
hocolim
¨˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˝
ModZ ModZ
ModZ ModZ
ModZ ModZ
Z ZZ Z ZZ
ZZ ZZ Z ZZ ZZ Z
Z{4
Z{4‘Z{2
pZ{4‘Z{2q‘pZ{4‘Z{2q
p1,0q p1 p1,1q
pid,0q p1 pid,idq p2 p0,idq
‹˛‹‹‹‹‹‹‹‹‹‹‹‹‹‚
Here ModZ denotes the category of all abelian groups (which is indeed additive and locally pre-
sentable), and we have used the Eilenberg–Watts theorem to identitify the category of additive
cocontinuous endofunctors of ModZ with ModZ itself (via M Ø pbMq). By pi we mean projection
onto the ith factor. A map like p1, 1q : Z{4 Ñ Z{4 ‘ Z{2 is the identity in the first factor and the
quotient map Z{4 Ñ Z{2 in the second. Of course, the arrows indexed by degeneracy maps in ∆
do not effect the colimit, but their existence witnesses that in fact this is a geometric realization.
(OP)LAX TRANSFORS, TWISTED QFTS, AND EVEN HIGHER MORITA CATEGORIES 49
By assumption, the horizontal source and target maps PresÑ
Z
Ñ PresZ preserve geometric
realizations (in fact, one can prove that they preserve all colimits), and
hocolim
¨˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˝
ModZ
ModZ
ModZ
Z ZZ
ZZ ZZ Z
‹˛‹‹‹‹‹‹‹‹‹‹‹‹‹‚
» ModZ.
Thus the colimit in PresÑ
Z
is an object of the form pModZ
M
Ñ ModZq P Pres
Ñ
Z
, and it suffices to
compute M . Unpacking the universal property verifies that
M “ lim
ˆ
Z{4
p1,0q
Ñ
p1,1q
Z{4‘ Z{2
˙
– Z{2.
The colimit turned into a limit because the 2-cell involved in a 1-morphism CÑ points “the wrong
way.”
Now, continuing to suppose that PresÑ
Z
is b-GR-cocomplete, this colimit should commute with
tensoring by arbitrary objects of PresÑ
Z
. Consider tensoring with the object pModZ{2
id
ÑModZ{2q.
The same calculations as above then show that
hocolim
¨˚
˚˚˚˚
˚˚˚˚
˚˚˚˚
˚˝
ModZ{2 ModZ{2
ModZ{2 ModZ{2
ModZ{2 ModZ{2
Z{2
Z{2‘Z{2
pZ{2‘Z{2q‘pZ{2‘Z{2q
p1,0q π1 p1,1q
pid,0q π1 pid,idq π2 p0,idq
‹˛‹‹‹‹‹‹‹‹‹‹‹‹‹‚
»
ˆ
ModZ{2 ModZ{2
lim
ˆ
Z{2
p1,0q
Ñ
p1,1q
Z{2‘ Z{2
˙ ˙
»
ˆ
ModZ{2 ModZ{2
0
˙
.
But pModZ
Z{2
Ñ ModZqb pModZ{2
id
ÑModZ{2q » pModZ{2
id
ÑModZ{2q, not pModZ{2
0
ÑModZ{2q.
Thus the symmetric monoidal structure in PresÑ
Z
does not distribute over geometric realizations,
and so PresÑ
Z
is not b-GR-cocomplete. ♦
Remark 8.12. Recall from Definition 6.11 that p8, nq-categories are “p8, 1q-categories enriched
in p8, n´1q-categories.” Although much work on enriched p8, 1q-categories exists (see for example
[BR13, BR14], where it is shown that “category enriched in p8, n ´ 1q-categories” can be taken
as a definition for “p8, nq-category”, [GH15, Hau15] for the general theory of “enriched p8, 1q-
categories”, and [GHN15] for weighted (co)limits), it seems that a complete accounting of limits
and colimits in enriched p8, 1q-categories does not yet exist.
What should be true is the following. Suppose that C is a V-enriched p8, 1q-category with
underlying p8, 1q-category C. Given a diagram in C, one can study its colimit in C: the universal
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property of the colimit asserts an equivalence of spaces. For example, Definition 8.1 only uses such
“unenriched colimits.” One can also study its “enriched colimit” in which the universal property
holds not just at the level of spaces but also at the level of V-objects. If an enriched colimit exists,
then it is also the unenriched colimit, but it is possible that unenriched colimits exist while their
enriched versions fail to exist. For example, consider the bicategory B2N with one object x, one
1-morphism idx, and N-many 2-morphisms idx ñ idx as an p8, 1q-category enriched in p8, 1q-
categories. Then B2N “ txu is the trivial p8, 1q-category with one object and so admits all limits
and colimits (all of them being just x itself), whereas B2N admits very few limits and colimits in
the enriched sense.
It is a standard fact that if C is a strict 1-category which admits colimits of some shape K, then
any functor category rΘ, Cs, for Θ an arbitrary strict 1-category, also admits colimits of shape K,
and moreover the pullback functors f˚ : rΘ1, Cs Ñ rΘ, Cs for functors f : Θ Ñ Θ1 preserve colimits
of shape K. The p8, 1q-version of this fact is described in Remark 8.4. However, the example
C “ B2N and Θ “ Θp2q shows that this is false when extended to p8, nq-categories if colimits are
taken in the unenriched sense. But if an p8, nq-category C admits colimits of shape K in the sense
of categories enriched in p8, n ´ 1q-categories, then it should be true that all functor categories
rΘ, Cs, for Θ an arbitrary p8, nq-category, also admit enriched K-shaped colimits, and that these
are preserved by pullbacks.
It would follow that if C is b-GR-cocomplete (resp. b-sifted-cocomplete) in the enriched sense,
then C strong is automatically b-GR-cocomplete (resp.b-sifted-cocomplete). In particular, Algstrongd pCq
would exists, where “Algd” is interpreted in the sense of [Hau14a] (resp. [CS15a]). ♦
We turn now to proving Proposition 8.14 and Proposition 8.17, thereby completing the proof of
Theorem 8.5. This requires recalling the main ingredients of the two constructions of the higher
Morita category AlgdpCq from [Hau14a, CS15a]. We discuss the construction from [Hau14a] first,
and then turn to the construction from [CS15a].
The unpointed version from [Hau14a].
The paper [Hau14a] uses “generalized ∆ˆd-8-operads” and algebras over them, which are an
extension of Lurie’s machinery for algebras over 8-operads developed in [Lur14]. By design, (gen-
eralized) ∆ˆd-8-operads are the appropriate notion of “(generalized) operads” for which one can
form algebras over them in Ed-monoidal categories.
By [Hau14a, Definition 4.29], there is an adjunction between generalized ∆ˆd-8-operads and
(symmetric) 8-operads given by the Segal functor. Moreover, by [Lur14, Section 2.2.4], every
symmetric monoidal p8, 1q-category has an underlying 8-operad, and this forgetful map admits a
left adjoint, the symmetric monoidal envelope. Piecing this together, we have an adjunction
Und : tsymmetric monoidal p8, 1q-categoriesu Õ tgeneralized ∆ˆd-8-operadu : Env .
The main step of the construction of Algdp´q in [Hau14a] is a combinatorial definition of gen-
eralized ∆ˆd-8-operads ∆ˆd,op{piq for each i ď d. Given a symmetric monoidal p8, 1q-category C, the
space of i-morphisms in AlgdpCq is then defined to be
AlgdpCqpiq :“ Alg
d
∆ˆd,op
{piq
pCq :“ mapsh
∆ˆd-8-Op
p∆ˆd,op{piq ,UndpCqq.
Remark 8.13. The space AlgdpCq~k of
~k-tuples of composable morphisms given in [Hau14a] is a bit
more complicated, requiring the notion of “composite ∆ˆd,op
{~k
-algebra”; see Section 6.1 of [Hau14a]
for details. ♦
Proposition 8.14. For fixed ~k P Nd, the functor Algdp´q~k from Cat
b to spaces as defined by
[Hau14a] preserves limits, and thus in particular fibered products.
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Proof. The main result of [Hau14a] is that when C is b-GR-cocomplete, AlgdpCq~‚ is an n-fold Segal
space. In particular, AlgdpCq~k is a limit of AlgdpCqpiqs for various is. Since limits commute [Lur09a,
Lemma 5.5.2.3], it suffices to check that C ÞÑ AlgdpCqpiq preserves limits along b-GR-cocontinuous
functors.
By [Lur09a, Lemma 5.4.5.5], the inclusion of b-GR-cocomplete p8, 1q-categories among all sym-
metric monoidal p8, 1q-categories preserves fibered products. In fact, it preserves all limits [RV14].
Thus it suffices to check that the functor Algdp´qpiq from symmetric monoidal p8, 1q-categories to
spaces preserves limits.
As we saw above, the functor Und is a right adjoint to the envelope Env. Being a right adjoint, it
preserves8-categorical limits [Lur09a, Proposition 5.2.3.5]. Theorem 4.2.4.1 from [Lur09a] identifies
8-categorical limits with homotopy limits, which are precisely the limits tested by the representable
functors hompX,´q [Lur09a, Remark A.3.3.13]. In particular, the functor
mapsh
∆ˆd-8-Op
p∆ˆd,op{piq ,´q : t∆
ˆd-8-operadsu Ñ Spaces
preserves (8-categorical limits aka homotopy) limits. Thus Algdp´qpiq, being a composition of
limit-preserving functors, preserves limits. 
Remark 8.15. For the purposes of this paper, we care only about the algebras for an operad among
symmetric monoidal p8, 1q-categories, but the results generalize if one works with Ed-monoidal
categories C using the more general machinery of generalized ∆ˆd-operads. ♦
The pointed version from [CS15a].
We turn now to the construction of Algd from [CS15a]. The basic geometric input used are
stratifications of Rd of very simple types, namely, stratifications whose components are finite unions
of complements of finite intersections of hyperplanes given by the equations xi “ s
i
j for some s
i
j P R.
Some examples when d “ 2 and 3 are:
s11 s
1
2 s
1
3 s
1
4s
1
5
s21
s22
s23
s24
s11 s
1
2 s
1
2
s21
s22
s31
For each ~k P Nd, there is a contractible space of possible stratifications with at most ki hyper-
planes in the ith direction of Rd. To organize this data into an p8, nq-category, [CS15a] defines a
contractible complete d-fold Segal space Coversd~‚ such that any element in Covers
d
~k
gives a strat-
ification of Rd. To simplify notation for the purposes here, we will denote by pRdq
~I
the manifold
R
d together with the stratification coming from an element ~I P Coversd~k.
Given any stratified manifold M and any symmetric monoidal p8, 1q-category C, there is a space
FactlcpM, Cq of C-valued factorization algebras on M which are locally constant with respect to the
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stratification. We refer the reader to [CS15a] or [Gin13] for the precise definition of “factorization
algebra locally constant with respect to a stratification,” which also might be called “constructible.”
We will use only the following property of the definition: there is a (strict) colored operad
OpenspMq whose algebras in C are C-valued prefactorization algebras on M ; a prefactorization
algebra F : OpenspMq Ñ C is factorization algebra locally constant with respect to the stratification
if and only if certain diagrams in C determined by F are colimits (some coming from a gluing
condition, others from the local constancy condition). Since these diagrams are all sifted, the
assignment C ÞÑ FactlcpM, Cq is functorial for b-sifted-cocontinuous functors between b-sifted-
cocomplete p8, 1q-categories.
Definition 8.16. For ~k P Nd, the space AlgdpCq~k is the total space of the bundle over Covers
d
~k
whose fiber over some element ~I P Coversd~k is Fact
lc
`
pRdq
~I
, C
˘
. (For details on the structure of
AlgdpCq~k as a topological space, see [CS15a].)
Among the points ~I P Coversd~k are some for which the corresponding stratification is “maximal”
— in which there are exactly ki hypersurfaces in the ith direction, and not fewer. For any such ~I,
the inclusion of the fiber over ~I
Factlc
`
pRdq
~I
, C
˘
ãÑ AlgdpCq~k
is an equivalence. This is because there is a deformation retract rescaling the stratifications appear-
ing on the right hand side to the fixed stratification pRdq
~I
in a compatible way.
Proposition 8.17. For fixed ~k P Nd, the functor Algdp´q~k from b-sifted-cocomplete symmet-
ric monoidal p8, 1q-categories and b-sifted-cocontinuous functors to spaces as defined by [CS15a]
preserves limits, and thus in particular fibered products.
Proof. First, consider the p8, 1q-category Catb of (not necessarily cocomplete) symmetric monoidal
p8, 1q-categories and (not necessarily cocontinuous) symmetric monoidal functors. By Lemma
5.4.5.5 in [Lur09a] and the fact that fibered products of symmetric monoidal p8, 1q-categories are
computed levelwise, the fibered product computed in Catb of b-sifted-cocomplete p8, 1q-categories
along b-sifted-cocontinuous functors again is an b-sifted-cocomplete p8, 1q-category. In fact, by
[RV14], the same is true for any limits. Moreover, the projection maps are b-sifted-cocontinuous.
Now let ~I P Coversd~k determine a “maximal” stratification. The equivalence Fact
lc
`
pRdq
~I
, C
˘
»
AlgdpCq~k is natural in C, and so it suffices to prove that Fact
lc
`
pRdq
~I
,´
˘
preserves limits. We will
prove more generally that for any stratified manifold M , the functor FactlcpM,´q from b-sifted-
cocomplete categories and b-sifted-cocontinuous functors to spaces preserves limits.
For a symmetric monoidal p8, 1q-category C, let PreFactpM, Cq denote the space of OpenpMq-
algebras in C. Then PreFactpM,´q “ AlgOpenpMqp´q preserves limits by the same argument as in
the proof of Proposition 8.14.
It remains to see that a (family of) prefactorization algebra(s) valued in a fibered product is
a (family of) locally constant factorization algebra(s) if and only if its images in each component
are locally constant factorization algebras. Again we use Lemma 5.4.5.5 in [Lur09a] and [RV14]:
a diagram in the limit is a colimit of fixed shape if and only if its projections are. Applying this
lemma to the diagrams governing the gluing condition and the local constancy proves the result. 
Appendix A. Some model categories
Model categories model homotopy theories; the objects of the modeled theory are the fibrant-
cofibrant objects of the model. Consistent with this philosophy, we will continue to use the word
space to mean Kan complex, but switch attention now to the model category of spaces, which we
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take to be Quillen’s model structure on the category sSet of simplicial sets; we will henceforth let
S “ sSetQuillen denote this model category.
There are many competing model-categorical models for the homotopy theory of p8, nq-categories,
some of which are reviewed in [BSP11]. The goal of this appendix is to recall the necessary theory
of localizations needed to state the “complete n-fold Segal space” model. Following [Hor14], we will
focus on the projective version of that model, although this makes no substantive difference (see
Lemma A.8); note that [Rez01] uses instead the injective or Reedy model. We make no claims as
to the novelty of any result in this appendix; our goal is only to provide a crimp sheet for those
who do not know everything that is “known to experts.” The standard reference on localizations
of model categories is [Hir03], which consistently uses the projective model on presheaf categories.
We recall first some standard definitions.
Definition A.1. A simplicial model category is a model category M whose underlying strict cate-
gory is enriched, powered, and tensored over S such that for every cofibration i : AÑ B and every
fibration p : X Ñ Y , the morphism i˚ ˆ p˚ : mapspB,Xq Ñ mapspA,Xq ˆmapspA,Y q mapspB,Y q in
S is a fibration, and is moreover a weak equivalence if either i or p is. Here mapsp´,´q denotes
the S-valued hom object determined by the enrichment.
One can give a general definition of “derived mapping spaces” in any model category. The main
advantage of simplicial model categories is that the enriched mapping space already furnishes such a
notion. Indeed, if M is a simplicial model category, A PM is cofibrant, and X PM is fibrant, then
mapspA,Xq P S is automatically a Kan complex satisfying all necessarily conditions. For general
A,X P M, the derived mapping space mapshpA,Xq is the space mapsp rA, pXq, where rA Ñ A is a
cofibrant replacement of A and X Ñ pX is a fibrant replacement of X. Different choices for the
replacements lead to equivalent derived mapping spaces.
That M is enriched in S assures that mapspA,Xq is an object of S when A,X P M. That M
is powered in S means for any A P S and X P M, there is a mapping object mapspA,Xq P M
depending functorially on A and X and with all the usual properties. The derived mapping object
mapshpA,Xq is defined in terms of fibrant and cofibrant replacements as in the derived mapping
space.
Definition A.2. Given a small category Φ and any category M, we will write MΦ for the category
of M-valued presheaves on Φ. (We will not use the category of covariant functors Φ Ñ M, which
we would write as ΦM if we needed it; the notation is consistent the slogan that covariant functors
are like left modules whereas contravariant functors are like right modules.) Given X P MΦ and
φ P Φ, we will write Xφ for the value of the presheaf X at φ.
Let M be a model category. If it exists, the projective model structure MΦproj is determined by
declaring that a natural transformation f : AÑ X is a fibration (resp. weak equivalence) if for each
φ P Φ, the map fφ : Aφ Ñ Xφ is a fibration (resp. weak equivalence). If it exists, the injective model
structure MΦinj is determined by declaring that a natural transformation f : AÑ X is a cofibration
(resp. weak equivalence) if for each φ P Φ, the map fφ : Aφ Ñ Xφ is a cofibration (resp. weak
equivalence).
We will care most about the case M “ S, in which case both the projective and injective model
structures exist for any small category Φ (see [Lur09a, Proposition A.2.8.2] for a recent treatment).
We recall a few more existence results in Lemma A.6 and Remark A.7.
Suppose thatM is simplicial. Then the powering of M over S implies further that for any A P SΦ
and X P MΦ, there is a mapping object mapspA,Xq P M. The corresponding derived mapping
object is mapshpA,Xq “ mapsp rA, pXq P M, where rA Ñ A is a cofibrant replacement in SΦ and
X Ñ pX is a fibrant replacement in MΦ, assuming at least one of the projective or injective model
structures on MΦ exists. Note that if both model structures exist, then the derived mapping object
is independent (up to canonical equivalence) of the choice. Indeed, projective cofibrancy implies
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injective cofibrancy and injective fibrancy implies projective fibrancy, so one may assume rA to be
projective-cofibrant and pX to be injective-fibrant.
Definition A.3. A presentation consists of a small category Φ and a set of maps E in SΦ. Let M
be a simplicial model category such that at least one of MΦproj and M
Φ
inj exists. An object X PM
Φ
is E-local if for each element pA
e
Ñ Bq P E, the induced map e˚ : mapshpB,Xq Ñ mapshpA,Xq is
a weak equivalence in M. We will refer to E-local objects in MΦ as pΦ, Eq-objects in M.
Let us call a presentation pΦ, Eq discrete if every morphism in E is from the full subcategory
SetΦ ãÑ SΦ. Given a complete strict category M, a strict pΦ, Eq-object of M is an object of
MΦ which is E-local in the sense that each pA
e
Ñ Bq P E induces an isomorphism hompB,Xq
e˚
Ñ
hompA,Xq — these objects make sense since M is complete. Let ょ : Φ Ñ SetΦ denote the
Yoneda embedding (ょ being the first letter of “Yoneda” in Hiragana). Every presheaf is a colimit
of representable presheaves, and so asking for a presheaf to be E-local is the same as asking that
certain limits built from its values be isomorphic.
Example A.4. Recall Segal’s category Γ “ Finop˚ from Definition 6.1 and Remark 6.2. We make it
into a discrete presentation by declaring the distinguished class of maps E to consist of the inclusions
ょpr1sq\k ãÑょprksq, where the ith mapょpr1sq Ñょprksq is the ith Segal morphism γi. The strict
pΓ, Eq objects in a complete category M are precisely the commutative monoids in M. ♦
As Example A.4 illustrates, presentations provide a framework for universal algebra, generalizing
Lawvere algebraic theories. The pΦ, Eq-objects in a model category M are a homotopic avatar of
strict pΦ, Eq-objects. Indeed, the homotopy theory of pΦ, Eq-objects can be readily modeled by a
special case of left Bousfield localization:
Definition A.5. Let M be a simplicial model category. If it exists, the projective (resp. injective)
model category of pΦ, Eq-objects in M, denoted LEM
Φ
proj (resp. LEM
Φ
inj), is the model category
structure on MΦ whose cofibrations are the same as those in MΦproj (resp. M
Φ
inj) and for which
a morphism f : A Ñ B is a weak equivalence if the induced map of spaces f˚ : mapshpB,Xq Ñ
mapshpA,Xq is a weak equivalence for every E-local object in X PMΦproj (resp. X PM
Φ
inj).
Lemma A.6. Suppose that M is a left proper cellular simplicial model category. Then LEM
Φ
proj
exists and is also left proper cellular simplicial. The fibrant objects of LEM
Φ
proj are precisely the E-
local objects in MΦ that are fibrant in MΦproj. Weak equivalences in LEM
Φ
proj between fibrant objects
are levelwise weak equivalences. The simplicial structure on LEM
Φ
proj is the simplicial enrichment
of MΦproj, so that derived mapping spaces in LEM
Φ
proj can be computed as mapping spaces in M
Φ
between cofibrant and fibrant replacements.
For the technical notion of “left proper cellular” we refer the reader to [Hir03], which uses always
the projective model structure on presheaf categories. Note in particular that S itself is left proper
cellular simplicial [Hir03, Proposition 4.1.4].
Proof. These claims are special cases of [Hir03, Theorem 4.1.1 and Proposition 4.1.7]. 
Remark A.7. One can replace “cellular” by the related notion of “combinatorial,” in which case all
the same statements hold for both LEM
Φ
proj and LEM
Φ
inj [Lur09a, Propositions A.2.8.2 and A.3.7.3].
♦
We can talk about “the homotopy theory of pΦ, Eq-objects in M” without deciding whether to
work with the projective or injective models:
Lemma A.8. Let M be a model category and pΦ, Eq a presentation such that the model categories
LEM
Φ
proj and LEM
Φ
inj exist. The identity functor is a left Quillen equivalence id : LEM
Φ
proj Ñ
LEM
Φ
inj.
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Proof. This follows from [Hir03, Theorem 3.3.20] and the fact MΦinj and M
Φ
proj have the same weak
equivalences. 
When M is itself of the form LFS
Ψ
proj for some presentation pΨ,Fq, then LEM
Φ
proj is as well:
Proposition A.9. Let pΨ,Fq and pΦ, Eq be presentations. Define a new presentation pΨ,FqbpΦ, Eq
whose underlying category is the product of categories Ψ ˆ Φ and whose set of distinguished maps
in SΨˆΦ is the set
tf b id
ょpφqupf,φqPFˆΦ Y tidょpψq b eupψ,eqPΨˆE ,
whereょ denotes the Yoneda embedding and b : SΨ ˆ SΦ Ñ SΨˆΦ denotes the functor sending the
pair of presheafs pA,Bq to the presheaf pAbBq : pψ, φq ÞÑ ApψqˆBpφq. Under the canonical equiv-
alence of categories pSΦqΨ – SΦˆΨ, the model structures defining LF pLES
Φ
projq
Ψ
proj and LEbFS
ΦˆΨ
proj
agree.
Proof. The model categories LF pLES
Φ
projq
Ψ
proj and LEbFS
ΦˆΨ
proj have cofibrations inherited from pS
Φ
projq
Ψ
proj
and SΦˆΨproj respectively; but these are the same as model categories, since in both categories the
weak equivalences and fibrations are computed levelwise. It thus suffices to show [Joy08, Proposition
E.1.10] that LF pLES
Φ
projq
Ψ
proj and LEbFS
ΦˆΨ
proj have the same fibrant objects.
Consider first a fibrant object of LF pLES
Φ
projq
Ψ
proj. It is just a fibrant object of pLES
Φ
projq
Ψ
proj
which is F-local in the sense that each f P F induces a weak equivalence of LES
Φ
proj-valued derived
mapping spaces. Derived mapping spaces are always fibrant-cofibrant, and so the asserted weak
equivalences are also weak equivalences in SΦproj, which is to say levelwise weak equivalences. Thus
F-locality in pLES
Φ
projq
Ψ
proj unpacks to locality in S
ΦˆΨ
proj for the set tfbidょpφqupf,φqPFˆΦ. On the other
hand, the fibrant objects in pLES
Φ
projq
Ψ
proj are the objects that are levelwise-in-Ψ fibrant-in-LES
Φ
proj.
But fibrancy in LES
Φ
proj is the same as fibrancy in S
Φ
proj and E-locality. Together, we see that the
fibrant objects of pLES
Φ
projq
Ψ
proj are the levelwise fibrant objects of S
ΦˆΨ
proj that are local for the set
tid
ょpψq b eupψ,eqPΨˆE . 
An immediate corollary of Proposition A.9 is that (via the canonical equivalence SΦˆΨ – SΨˆΦ)
the model categories LF pLES
Φ
projq
Ψ
proj and LEpLFS
Ψ
projq
Φ
proj agree. This can be summarized by the
following slogan: pΨ,Fq-objects among pΦ, Eq-objects are the same as pΦ, Eq-objects among pΨ,Fq-
objects, as both are the same as simultaneously-pΦ, Eq-and-pΨ,Fq-objects.
We conclude with our main examples, which are the presentations presenting complete n-fold
Segal spaces and symmetric monoidal complete n-fold Segal spaces:
Example A.10. Let ∆ denote the usual simplex category with objects rks “ t0, 1, . . . , ku for k P N
and nondecreasing maps. We will define a discrete presentation p∆,Fq that we will call the Rezk
presentation. The set F Ď Set∆ consists of the following maps:
Segal: For each k and each 0 ă i ď k, the Segal morphism γi : r1s Ñ rks is the inclusion
along the edge connecting vertex i´ 1 to vertex i. The set F includes the following map for
each k:
ょpr1sq Y
ょpr0sq
ょpr1sq Y
ょpr0sq
. . . Y
ょpr0sq
ょpr1sq
k times
Ťk
i“1ょpγiqÝÑ ょprksq
The gluings of edgesょpr1sq along verticesょpr0sq always identify the second vertex of the
left copy with the first vertex of the right copy. We will call this map Segalpkq.
Completeness: The set F includes one final map:
ょpr0sq Y
ょpr1sq
ょpr3sq Y
ょpr1sq
ょpr0sq ÝÑょpr0sq,
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where the first inclusionょpr1sq Ñょpr3sq sends 0 ÞÑ 0 and 1 ÞÑ 2, and the second inclusion
sends 0 ÞÑ 1 and 1 ÞÑ 3. (The maps toょpr0sq are all forced, sinceょpr0sq is the terminal
object in Set∆.) Following [BSP11], we let K denote the simplicial set on the left hand
side.
To compute the F-local objects in S (in the projective model structure), one must compute
projective-cofibrant resolutions of the left hand sides; note that the representable presheafょpφq
is cofibrant in SΦproj for any Φ and any object φ therein. One finds precisely the complete Segal
spaces in the sense of Definitions 2.1 and 2.3. The main result of [Rez01] is that LFS
∆ models the
homotopy theory of p8, 1q-categories. (Rezk uses the Reedy model structure, which for ∆ is equal
to the injective model structure, but that choice is Quillen-equivalent to the projective choice by
Lemma A.8.)
By applying Proposition A.9, we can write down a model for complete n-uple Segal spaces as the
model category of p∆,Fqbn-spaces. Explicitly, it is the localization of S∆
ˆn
at the following maps:
Segalbn: For each k P N, each i P t1, . . . , nu, and each m1, . . . ,mi´1,mi`1, . . . ,mn P N, we
localize at the map
ょprm1sqb ¨ ¨ ¨ bょprmi´1sqb Segalpkqbょprmi`1sqb ¨ ¨ ¨bょprmnsq,
where Segalpkq “
Ťk
i“1ょpγiq P F is as above.
Completenessbn: For each i P t1, . . . , nu and each m1, . . . ,mi´1,mi`1, . . . ,mn P N, we lo-
calize at the map
ょprm1sqb ¨ ¨ ¨bょprmi´1sqb
 
K Ñょpr0sq
(
bょprmi`1sqb ¨ ¨ ¨bょprmnsq,
where the simplicial set K is as above.
To get a model of complete n-fold Segal spaces as defined in Definition 2.6, we further localize at:
Essential constancy: For each i P t1, . . . , nu and each m1, . . . ,mi´1,mi`1, . . . ,mn P N, we
localize at the map
ょprm1sqb ¨ ¨ ¨bょprmi´1sqbょpr0sq bょprmi`1sqb ¨ ¨ ¨bょprmnsq
ÝÑょprm1sqb ¨ ¨ ¨ bょprmi´1sqbょpr0sq bょpr0sq b ¨ ¨ ¨bょpr0sq.
We will call this the Lurie presentation of complete n-fold Segal spaces p∆ˆn,Fnq.
In [BSP11], yet another presentation with underlying category ∆ˆn is used to model p8, nq-
categories (see Remark 12.4 therein). This Barwick presentation consists of the sets Segalbn and
Essential constancy as above, but replaces the set Completenessbn by the subset consisting of
maps
ょprm1sqb ¨ ¨ ¨bょprmi´1sqb
 
K Ñょpr0sq
(
bょpr0sq b ¨ ¨ ¨bょpr0sq
for i P t1, . . . , nu and ~m P Ni´1. But this smaller Barwick presentation is equivalent to the larger
Lurie presentation by Lemma 2.8. One of the main theorems of [BSP11] is that the Barwick
presentation presents a model of p8, nq-categories. ♦
Example A.11. One can always use Proposition A.9 to combine presentations. The model cat-
egory of complete n-fold Segal spaces internal to complete m-fold Segal spaces is the category of
local objects in S for the presentation p∆ˆn,Fnq b p∆
ˆm,Fmq. The model category of symmetric
monoidal complete n-fold Segal spaces corresponds to the presentation pΓ, Eq b p∆ˆn,Fnq, where
pΓ, Eq is as in Example A.4. ♦
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